PATHWISE SOLUTIONS TO STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 
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Abstract. Combining fractional calculus and the Rough Path Theory we study the existence and uniqueness 
of mild solutions to evolutions equations driven by a Holder continuous function with Holder exponent in 
(1/3,1/2). This theory will be the foundation for establishing that infinite-dimensional white-noisc-driven 
evolution equations with non-trivial diffusion coefficients generate random dynamical systems, a problem 
which has remained open during the last decades. 



1. Introduction 



p I \ In the current article, we are interested in developing a pathwise theory for stochastic evolution equations 

when the noise path is /3-H61der continuous for /3 <G (1/3, 1/2). Our interpretation of pathwise is that for any 
sufficiently regular noise path we obtain a solution, where the stochastic integral does not produce exceptional 
sets. In the classical theory of stochastic evolution equation, see for instance the monograph by Da Prato and 
Zabczyk [7], stochastic integrals are constructed to be a limit in probability of particular random variables 
defined only almost surely, where the exceptional sets may depend on the initial conditions. 
In order to solve this problem, we consider the evolution equations of the form 

CN ! h n / du(t) = (Au(t) + F(u(t))dt + G(u(t))duj(t), 

( j \ u(0) =uo6%, 

.... 

£f) in a Hilbcrt space V, where A is the infinitesimal generator of an analytic semigroup S(-) on V : F and G 
r*"** . are nonlinear terms satisfying certain assumptions which will be described in the next sections, w is a Holder 

continuous function with Holder exponent (3 e (1/3, 1/2) and Vg = D((—A) s ) for adequate 5 > 0. 
I/"") , As a particular case of driven noises we can consider a fractional Brownian motion (fBm) B H with Hurst 

parameter H € (1/3, 1/2]. In general, an fBm B H with general Hurst parameter H £ (0, 1) is a stochastic 
process which differs significantly from the standard Brownian motion and, in particular, when H ^ 1/2 is not 
a martingale, so the Ito integrals cannot be used to describe integration when having this type of integrators. 

During the last 15 years it can be found in the literature several attempts to develop a theory for stochastic 
integration for integrators which are not given by a Wiener process, and in particular, for the fractional 
Brownian motion B H . One of these attempts is given by the Rough Path Theory, and we refer to the 
monographs by Lyons and Qian |22j and Friz and Victoir |13) for a comprehensive presentation of this theory. 

A different technique was developed by Zahle |29j . who considered for a fractional Brownian motion with 
H > 1/2 the well-known Young integral. In contrast to the Ito-or Stratonovich integral, that integral can 
be defined in a pathwise sense. In particular, that integral is given by fractional derivatives, which allow a 
pathwise estimate of the integrals in terms of integrand and integrator using special norms, see also Nualart 
and Ra§canu [25j . In this article the authors were able to show the existence and uniqueness of the solution of a 
finite-dimensional stochastic differential equation driven by a fractional Brownian motion for H > 1/2. These 
results were extended by Maslowski and Nualart [23] to show the existence of mild solutions for stochastic 
evolution equations. In particular, the mild solution exists for any Holder continuous noise path with Holder 
exponent larger than 1/2 if the coefficients are sufficiently smooth and the linear part of the equation generates 
an analytic semigroup. Taking advantage of this pathwise interpretation of the stochastic integral, Garrido et 
al. [13] established that, when considering evolution systems driven by fBm with H > 1/2, the mild solution 
generates a random dynamical system. 
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To the best of our knowledge there are only a few monographs and articles using the rough path theory to 
solve stochastic differential equations and stochastic infinite-dimensional evolution equations. In the former 
set we find the already mentioned books [22], [13] , and also Coutin et al. [6] and Lejay [21]. In the latter, 
interesting articles are Gubinelli et al. [15] , Gubinelli and Tindel |16j , Caruana and Friz [3] , Caruana et al. [4] 
and Friz and Obcrhauser [T^] . Our idea to face the study of mild solutions for (|1.1|) is to combine the rough 
path theory with classical tools, inspired by the work by Hu and Nualart [T7j. In fact, using the ideas in Zahlc 
[2Ti] and Nualart and Ra§canu [35] , they have recently extended the pathwise method to the case of dealing 
with a Holder continuous driven process with Holder exponent in H £ (1/3, 1/2]. In order to do that, they 
used a special fractional derivative, the so-called compensated fractional derivative. Thanks to that, they were 
able to formulate an existence and uniqueness result for finite-dimensional stochastic differential equations 
having coefficients which are sufficiently smooth. We want to stress that, to formulate an operator equation 
solving this problem, they needed a second equation for the so-called area in the space of tensors. 

We plan to adapt the techniques in j!7j to obtain mild solutions for our infinite-dimensional stochastic 
evolution equation (|1.1[) . assuming that the linear part generates an analytic semigroup on a separable Hilbert 
space. However, there are significant differences between both settings: we consider mild solutions for the 
trajectories part of the evolution equations, which are related to the well knonw infinite dimensional variation 
of constants formula. In the existence theorem, we have to use different techniques to obtain a fixed point of 
the operator equation. As we will see, we have to build the right fixed point argument in order to solve our 
equation: wc will be able to obtain solutions in small intervals that later on can be concatenated to turn out 
the mild solution over any interval. One has to face with the correct area equation for the tensor mentioned in 
this infinite-dimensional setting. In a first part of this article we will consider that our evolution equation is 
driven by a regular noise path, which makes its analysis easier. For this purpose it is of paramount importance 
to construct a tensor uj ®s w depending on the noise path uj as well as on the semigroup S. Furthermore, 
this approach has the advantage that the definition of the whole mild solution will become clear, allowing us 
to understand what is the convenient area equation for our system. The general case requires the additional 
careful introduction of approximations of the driving noise. 

The problem of showing that solutions of stochastic evolution equations generate random dynamical systems 
is unsolved even for the stochastic partial differential equations driven by the standard Brownian motion. The 
main difficulties are (i) the stochastic integral is only defined almost surely where the exceptional set may 
depend on the initial state; and (ii) Kolmogorov's theorem, as cited in Kunita [20] Theorem 1.4.1, is only 
true for finite dimensional random fields. However, there are some partial results for additive as well as 
multiplicative noise (see for example, [IT], [9] [10], [2] and [24]). In the recent work [14], under appropriate 
conditions on A, F and G, it has been shown that the stochastic partial differential equation (jl.ljl above 
driven by a fBm with Hurst parameter H £ (1/2, 1) generates a random dynamical system. 

Thanks to the pathwise results that we are going to establish in this article we can go one step further with 
respect this unsolved problem, since as an application we are able to derive the existence and uniqueness of 
mild solutions of infinite-dimensional Brownian-driven evolution equations, with no exceptional sets, which 
in particular will allow us to prove, in a forthcoming article, that these systems have associated random 
dynamical systems. 

The article is organized as follows. In Section 2 wc collect the main tools and give the main assumptions. 
In particular, we mention important properties of the fractional derivatives. In Section 3 we consider the 
evolution equation for a smooth noise part. That analysis provides us a meaningful definition of solutions of 
(|l.ip . We rewrite the equation using fractional derivatives and we then show that we need to present a second 
equation for the area part. To do this, as we have announced previously, we introduce a tensor defined by 
the semigroup generated by A, being the crucial step for our considerations, and which constitutes the main 
difference with respect to the finite-dimensional case developed in p~7]. In Section 4 we give the definition 
of a solution for our system consisting of an path- and an area variables, and an existence and uniqueness 
theorem is formulated. In the following section we consider the white noise case (H = 1/2) and prove how to 
obtain the tensor defined by the semigroup. We also present two examples to show nonlinearities G that fit 
the abstract theory. 
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2. Preliminaries 

Let in general V, V, V be separable Hilbcrt spaces. We denote by L(V, V) the Banach space of linear 
operators from V to V and by L 2 (V, V) C L(V, V) the space of Hilbert-Schmidt operators, which is a separable 
Hilbert space. For T G L(V, V), G G L 2 (V, V) (and vice versa for T G L 2 (V, V), G G L(V, V")) we have that 

W t G\\l 2 (v,v) - W T \\L(v,v)\\G\\L 2 (vy)i \\ t< ^\\l 2 (v.v) - Ir IliaCV'.^ll^lliCv.V'J- 
Consider now the separable Hilbcrt space (V, \ ■ |, (■,■)) an d assume that S(-) is an analytic semigroup 
on V generated by an operator A. We also assume that A is a strictly negative operator with a compact 
inverse, generating a complete orthonormal basis (ej), e pj in V. Let D((— A) s ), 6 > 0, denote the domain of 
the fractional power (—A) s equipped with the graph norm I^Id^-^) := |(— A) l5 x|. 

For any t > the following inequalities hold 

(2.1) \\S(t)\\ L(Dii _ A y )M( _ Ap)) = \\(-AyS(t)\\ L(Di( _ A y )y) < ct 5 -\ for 7 > 5 > 0, 

(2.2) ||S(t) - id\\ L{D{{ _ A y )M{ _ A) o }) < ct°~\ for a — 6 € [0,1], 

since is an analytic semigroup, see (5], Page 84 (it should be also taken into account that (— A) 1 * is an 
isomorphism from D{{— A) s+ ^) to D((—A) s ) where \i > 0). 

In addition, the following crucial properties, which proofs are immediate consequences of the previous 
inequalities, are satisfied for any analytic semigroup S(-): 

Lemma 2.1. For any < a < 1, 0</3< 1/2, S < 7 G [0, 1), there exists a constant c > such that for 
< q < r < s < t we have that 

\\S(t - r) - S(t - q)\\ L{D{{ - A) s }Mi - A}V} < c(r - q) a (t - r)-«^+ 5 , 

||5(< - r) - S(s - r) - S(t -q) + S(s - q)\\ L{D ^ m) < c(t - sf(r - q) 2fi {s - r)~^ . 



In what follows, let us abbreviate V := Vq, Vg := D((— A) s ) with norm | • \y t . If (Aj)j e N denotes the 
spectrum of A, since (ej)jgN is an orthonormal basis in V, it follows that (ei/Xf )i<=N in a orthonormal basis in 
V s . 

We also need the following estimates concerning the drift G in system p. II) . 

Lemma 2.2. Suppose that S G [0,1] tmc? G : V — > L2(V,V) is bounded and twice continuously Frechet- 
differentiable with bounded first and second derivatives DG{u) and D 2 G(u), for u G V ■ Let us denote, 
respectively, by cq, cdg, c-d 2 g ^ e bounds for G, DG and D 2 G. Then, for m, u 2 , i>i, v 2 G V , we have 

W G ( u i)\\l 2 (v,v) ^ C Gi 

\\G(ui) - G{vi)\\ Ls( y tV) < c DG \ Ul - vt\, 

\\DG(u!) - DG^W^y^y^ < c D 2 G \ Ul - 

\\G(u!) - G{u 2 ) - DG(u 2 )(ui - u 2 )\\ L2{ y V) < c D 2 G \ui - u 2 \ 2 , 

\\G( Ul ) - G( Vl ) - (G(u 2 ) - G(v 2 ))\\ L2{vv) 

< c D a\ux -v\ - (u 2 - v 2 )\ + cd2 G |ui - u 2 \(\ui - vt\ + \u 2 - v 2 \), 
\\DG( Ul ) - DG( Vl ) - (DG(u 2 ) - DG(v 2 ))\\ L2(VxVV) 

< c D 2 G \ui - Vi - (u 2 - v 2 )\ + c D 3 G \ui - u 2 \{\ui - v\\ + \u 2 - v 2 \). 

These estimates follows by the mean value theorem. For the last estimate we refer to Nualart and Ra§canu 
[2"5] Lemma 7.1. 

Notice that, in particular, DG : V — > L 2 (V, L 2 (V, V)) (or equivalently, DG : V — > L 2 (V x V, V)) is a bilinear 
map and similarly D 2 G(u) is a trilinear map. 
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Lemma 2.3. Suppose in addition to the assumptions of Lemma \2.S\ that G is three times continuously Frechet- 
differentiable where the third derivative is uniformly bounded in L 2 (V,V). This bound is denoted by C£>3 G . 
Then, for u\, u 2 , t>i, V2 G V, we have 

\\G(ui) - G(u 2 ) - DG(u 2 )( Ul ~ u 2 ) - (G( Vl ) ~ G(v 2 ) - DG(v 2 )(v x - v 2 ))\\ L2{v ^ 

< c D 2 G (\ui -u 2 \ + \vi- v 2 \)\ui -v x - (u 2 - v 2 )\ 

+ c D s G \vi - v 2 \\u 2 - v 2 \(\ui - u 2 \ + \ui -vi - (u 2 - v 2 )\). 

The proof of this lemma can be found in Hu and Nualart [17] Proposition 6.4. 

For the nonlinear term F in system we assume that it is Lipschitz continuous. 

Let us denote by L 2 (V x V, V) the space of bilinear continuous mappings B from V x V which satisfy the 
Hilbert-Schmidt property 

00 

W B Wl 2 (VxV,v) : = E |S(e 4 ,e,)||<oo 

i J = l 

for some complete orthonormal basis (ej)j £ N of V. The topological tensor product of the Hilbert space V is 
denoted by V <E> V with norm || ■ ||. In particular, V (?) V is a separable Hilbert space. The elements of V (X) V 
of the type v\ ®v v 2, with v\, v 2 € V , are called elementary tensors or rank one tensors and for them it holds 
11(^1,^2)11 = |vi||t>2|. (ej ®v 6j)*>ieN i s a complete orthonormal system of V®V, where (e%)i£H is the complete 
orthonormal system for V. 

We note that an operator B 6 L 2 (V x V,V) can be extended to an operator B € L 2 (V <E) V,V). For 
weaker conditions we refer to |18j Chapter 2.6. More precisely, there exists a weak Hilbert-Schmidt mapping 
p : V x V — > V (£>V where p(e 2 ;, e,-) = ®y e 3 - for i, j £ N. Then B on F F is given by factorization such 
that B = Bp. In addition, it is easily seen that for the norm of B G L 2 (V <£> V, V) it holds 

\\B\\l 2(v ® v ,v) ■■= E ^ ®v e o)\l = E \ B ( e i> e M = W B \\l 2{ vxv,vy 

We will write for the extension B also the symbol B. 

Let < Ti < T 2 . For /3 G (0, 1) we introduce the space of /3-H61der continuous functions on [Ti,T2] with 
values in V denoted by Cp{\Ti,T 2 ]] V) with the seminorm 

11 I, \u(t)-u(s)\ 
s<te[T u T 2 ] \t-s\P 

If we consider all functions from this linear space having the same value at say Ti, then d(u\, u 2 ) = |jwi— U2II/3 
creates a complete metric space which will be used later. If we add |u(Ti)| to this seminorm we obtain a Banach 
space. In particular, this norm is equivalent to the standard norm of Holder functions on [T 1; T 2 ]. 

Let A TljTa be the triangle {(s,t) :T 1 <s<t< T 2 }. We now introduce the space C^ + ^(A ri;T2 ; V <g> V) of 
two-forms v with finite norm given by 

||«||^= sup J k(3 '^, , /? + /?' <1. 

Notice that we prefer not to stress the interval [T 1; T 2 ] in the notation of the previous norms, even though this 
interval can be different through the text. 

Consider u G Cp([Ti,T 2 ];V), C € C ( g/([Ti,T 2 ]; F) and u G C^/(A Tl)T2 ; F ® V)) such that the so called 
Chen equality holds, that is, for T\ < s < r < t < T 2 , 

(2.3) v(s, r) + v{r, t) + {u{r) - u(s)) ®y (((t) - C(r)) = v(s, t). 
Remark 2.4. An example for v if C, is continuously differentiable is given by (u ® £) where 

(2.4) (u»C)(8,t)= / (u(T)-u(s))® v C'(T)d,T = v(s,t). 
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This expression is clearly well-defined and belongs to the space Cp+p> (A^.j^ ; V <£> V). Moreover, the Chen 
equality easily follows. 

Now we aim at introducing the so called fractional derivatives and later at giving the pathwise interpretation 
of the stochastic integral, following the definition in j29j . 

For g, £ G C a > (pi, T 2 ]; V), being < a < a' < 1 and V some separable Hilbert space which will be given 
below, we define the fractional derivatives in the Weyl sense by 

(2.5) D« + g[r] = ( + a f G V 

{ ' Tl+mi r(l-a)V(r-Ti)° J Tl (r-q)i+<* H J 

where T x < r < T 2 , and Cr 2 -(r) = CM - C(T 2 ). 

For v G C^'(Ar 1: T 2 ; F (g> y) and for r G [Ti,T2] we introduce the following fractional derivative 



(2.6) T>i- a v [r} = ± — — v ' N 7 + (1 - a) / - — v ' ' dr 
V ' r(a) V^-r) 1 -" V ; i r (r-r) 2 "" 

The following formulas play an essential role in our results (see [2T?]): 

(2.7) (-1)* r D% l+ g[r]ar)dr = F g{r)D« 2 _C,[r)dr, 

J Ti JTi 



for .g G 7^ 1+ (L p ((T 1 ,T 2 );E)), C € I£ 2 _(T 9 ((Ti,T 2 );K)) with l/p+ 1/g < 1 (for the definition of the spaces 
I* i + (LP((T U T 2 );R)) and (T 9 ((Ti , T 2 ) ; M)) we refer, for instance, to Samko ef a/. [27). If now we assume 
that g(Ti+), ((Ti+), ((T 2 ~) exist, being respectively the right side limit of g at Ti and the right and left side 
limits of C at Ti, T 2 , and that 5Tl+ g I^ 1+ {V((T 1 ,T 2 );R)), Ct 2 - G I£ 2 _ (T ? ((Ti, T 2 ); R)) with 1/p+l/q < 1, 
then 



(2-8) grfC = (-1)" ^ 1 + <?t 1+ M^Ct 2 - [r]dr + ff (Ti+)(C(T 2 -) - C(Ti+))- 

JTi JTi 

Here gri+G) = ff(-) — <?(^i+) an d Ct 2 -( - ) = C(') — C(^2 — )• In addition, when ap < 1 and g(Ti+) exists and 
3 G /^ i + (L p ((Ti,T 2 );IR)), (HI]) can be rewritten as 

(2-9) / T2 .grfC = (-1)" £>? I+ sMDirf Cii-[r]dr. 

JTi JTi 

Notice that in the case that £ is not Lipschitz continuous we cannot define the integral on the left hand side 
of (|2.8p in the classical way. Nevertheless, when g and C are Holder continuous with exponents 7, j3 resp., and 
a < 7, 1 - a < (3, we can do it. In particular, assume that g G C 7 ([Ti, T 2 ]; L 2 (V, V)), ( G C p(\Ti,T 2 ); V) for 
< a < 7, 1 — a < /3. Let us define 



(2.10) 



[ T2 g(r)d((r) = (-1)" F D^g^D^C^-W' 

JTi JTi 



(i 
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This expression can be also interpreted as a fractional integration by parts formula. By the separability of V, 
Pettis' theorem and by 

rT 2 r T 2 



JTi V JTi 



< 



(2.11) 



'L 2 (V,V) i Tj 



Ti 



< 4Ch / (MTin^y^ir - Ti)~ a (T 2 - r)^" 1 + || 5 || 7 (r - Ti) 7 ~ a (T 2 - r)«+^)rf 



\a+/3-l> 



2i 



< cWCh^UTin^yy^ Ttf + c\\gUT 2 Tif+i 
this integral is well defined. Indeed, 

( HsCTl) IL a (v,v) . II.9II7 



(2.12) 



|0? 1+ s[r 



l£2(V,V) 



<c 



V (r-Ti)« (r-Ti) Q -T, 

and, if 1 — a < /3, the expression D^T^^-i 1 "] is well defined, actually, it is simple to obtain that D^T"£t 2 -H < 
llCll^^-r)^" 1 . 

Let {ei}i 6 N a complete orthonormal basis of V. Denote by 7r m and 7r m the orthogonal projections on 
{ei,--- ,e m } and {ei, ■ ■ ■ ,e m }, respectively, and define g = (ttj - ftj-i)g, Q = fa - t»-i)C and 9ji = 
(7rj — jtj-i)g(TTi — 7r,_i). The above estimates allow to exchange the sum and the integral such that we have 



(2.13) 
and 



T2 g(r)dar) = E f E D^g^D^Cm-Mdr ) e 3 



Ti 



g{r)d({r) 



Ti 



E E / flWiidC*(r) 



< OO 



where we have used that 



\\ D Ti+9[r]\\ La (v,v)=[ El^+sOkHf 

ij 

/(E«ff*(r) a )* 



< 



E 



_J ( 9 3l {r) T 9ji(r) - 9ji(q) , 

r(l-a)V(r-Ti)« + 7 Tl (r-g)i+« 3 



< V2c 



E 



\ {r - q) 1+a 



dq 



< llg( r ) II L a (v,y) + llg(0-g(g)HL 2 (y,v) dg 



<c(r-Ti)-°'(l+ hUl + ir-Ttf)). 

In a similar manner we can also define integrals with values in the separable Hilbert space V <£> V when 
9 (r-)eL 2 (^R)~yby 



g(r) <g> v dC(r). 



Remark 2.5. Suppose that gji satisfies the assumptions for h2.9\) but is not Holder continuous in general. 
In addition suppose that r 1— > 1 1 + 5 [ r ] 1 1 _l 2 ( v" t>) I ^T^T— CT2 — [ r ] I * s integrable. Then we can define the integrals 
h'2.10\ ) and i2.13\) . This will be used later on for g(r) = S(T 2 — r)f(r) where f is an appropriate function. 
Note that r t— > S(T 2 — r)x, x € V is not Holder continuous. 
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Suppose now that g(r) = G(u(r)) where u & C 7 ([Ti, Ta]; V) for a < 7, a + 7 > 1 with G having a bounded 
Frcchet derivative DG. Then 

(2.14) G(u)d( = / T " D? 1+ G( u (-))[r]£)^CT 2 -[r]dr 

is well defined because G(u(-)) is 7-Holder continuous. Assuming in addition that G has a second bounded 
derivative we can rewrite the integral in (|2.14[) as follows 

T2 G(u)d( D« i + (G(u(-)) - DG(u(-)){u - u{T x ), 0)[rp£fCT a -[r]dr 

Ti J Ti 

1-Q , 



+(-l) Q / Z?? i+ ^GK-))( W -um),-)H^T7-CT 2 -Hdr. 

Suppose now that the above condition 7 > a is not satisfied. Then D^ i+ G(u) is not well defined, in general. 
In this case it has sense to rewrite (|2 . 14[) by using the so called compensated fractional derivative 

(2 ' 15) , r G{u{r)) - G(u(q)) - DG(u(q))(u(r) - u(q), ■) \ - 

+ « j Ti (^Ti *J ^ ^ n 

if 27 > a. By making some computations, it is not difficult to see that there is the following relation between 
the fractional derivative and compensated one: 

(2.16) D^ + {G{u{-)) - DG(u(-))(u(-) - «(T0, -)[r] = £>? 1+ G(u(-))W - D% i+ DG(u(-))[r](u(r) - «(!!), ■)■ 
In addition, we have 

(2.17) D^v{T u -)t 2 -H - -V x T -?v[r] + (tt(r) - u(Ti)) ®y D^C^-M, 

where u,(,v are coupled by the Chen equality (|2.3|) . This then enables us to express (|2. 14[) under a weaker 
regularity condition (if 7 > a is not satisfied, but for instance 27 > a) in the way 



(2.18) 



T2 G(u)d{ =(-l) a f 1 D^ + G(u(-))[r]D l T -^ T ^[r]dr 

Ti JTi 

T 2 



(-1) 2 - 1 / * D^DGiu^MD^V^vMdr. 



If -D" + G(u(-))[r] has now the right regularity then we can define the first integral on the right hand side of 

1 

the last formula similar to (|2.10l) . 

Now let us consider an integral having the structure of the second integral, namely 

(2.19) [' D^g^lrjD^V^vMdr 
for some v G Cp + p>(AT lt T 2 ',V ® V). Then it holds 

(2.20) ID^V^vMI < c\\v\y +f) ,(T 2 - rf + ^' +2a - 2 

and hence this integral can be defined in a similar manner than (|2.10p provided that <?(•) is 7-Holder continuous 
with 0<a<l,7+l> 2a, and, in particular, with /?' > /3 > 1 — a. For details in finite dimension we refer 
to [IT]. 

In the next sections we will give sense to the integrals appearing in the definition of mild solution to the 
infinite dimensional equation (jl.ip . 
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3. Formulation of for smooth paths ui 

Throughout this section, wc assume that the driven path uj : [0, T] — >• V in the system (jl.ip is smooth in 
the sense that u> is continuous at any t and continuously diffcrcntiable except at finitely many points. Then we 
derive a system of equations which is needed to define a solution when the noise in only Holder continuous, the 
case to be considered in the next section. When the path u> is only ^-valued Holder continuous with Holder 
exponent in (1/3, 1/2), we will consider a piecewise linear approximation uf 1 of uj, for which we can apply the 
results that we are going to establish throughout this section. 

In what follows we assume that V = Vg for 6 £ [0, 1], and this in particular means that in the latter space 
we identify (ej)jeN with (ej/Af )j e N. Under such a choice, we consider G : V — > L 2 {V, Vg). 

For the fixed regular w, we study the equation 

(3.1) u(t) = S(t)u + [ S(t-s)F(u(s))ds+ [ S(t - s)G(u(s))du(s). 

Jo Jo 

Lemma 3.1. ([26 ) Under the condition that F, G are Lipschitz continuous, the above equation has a unique 
global solution which depends continuously on u £ Vg. Moreover, u £ C^([0, T]; V) for /3 < S £ [0, 1). 

If in addition we assume that G is twice continuously Frechet-differentiable with bounded second derivative, 
following the steps in the proof of Theorem 3.3 in [17], we can rewrite the above equation as 

u(t) = S(t)u + f S(t- s )F(u(s))ds + (-l) a f £>^ + (5(t--)G(u(-)))[r]D i 1 r a Wf_[r]dr 

(3.2) J \ J ° 

-(-l) 2 - 1 I DlX-\S{t--)DG{u{-)))[r]D l t Z a V]z%u®u:)[r]dr, 
Jo 

where the compensated fractional derivative is defined as in (|2.15[) and the fractional derivative of (u <£> ui) is 
defined as in (|2.6[) . 

We want to point out that, when the noise is not regular, as we will show in the following section, in order 
to give a meaningful definition of the solution of (jl.ip , we need an equation to determine the corresponding 
counterpart of (it £§> ui). For this reason, now we aim at getting such expression in the case that ui is smooth. 
Firstly, choosing £ = ui in (|2.4p , we can express the tensor as follows 

(ug>w)(M)= / (S(£-s)-id)u(s)®voj'(0<%+ I [ S({-r)F(u(r))dr®vw'(£)d£ 



(3.3) 



S(f - r)G{u{r))uj' ' (r)dr ® v w' 



Fix 6 £ [0, 1] and let f3' £ (1/3, 1/2). For a £ (0, 1), < s < t < T and the semigroup S introduced in 
Section^ we consider the mapping ujs : A ,t — > Li(y& \ V ®V) defined by the following integral 

u s (s,ty = (-l)- a [ (S(S - «)•) ®v 



It can be also easily seen that for any e £ V there exists c > such that 

\\u} S (s,t)e - Lu s (r,t)e\\ < c(r - sf [ej , < s < r < t. 
We consider (uj ®5 uj) : A 0i t x Li(V, Vg) — > V ® V given by 

E(u® s u)(a,t)= f f S{£-r)Eu'(r)dr® v uj'(£,)d£ 

(3.4) 

S(£-r)Euj'(r)® v uj'(Z)dZdr = (-l) a I uJ S (r,t)E(uj' (r))dr. 



Let us recall that L2(V, Vg) is a separable Hilbert space with an orthonormal basis (Eij)ij^ derived from 
the basis (ek)k£N of V and (ek/X s k )k&N of Vg as follows: 



PATHWISE SOLUTIONS TO STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 

Suppose that 
(3.5) 

Then for the smooth path to we have 

\\E ij (u® s u)(s,t)\\ 2 = I I Sit-^Ekju/WSvw'ffldtdr 



\ < 00. 



i = l 



s J r 

/'/' 

J s J r 



A? 



In particular, since u is smooth we can conclude that (cj (gig w ) € C2^'(Ao,r; ^(-^(V, Ks), V (2D F)). Indeed, 
from the above inequality, there exists c such that 

The following equality is interpreted to be the Chen equality for (u> (E>s oj): for < s < r < t < T it holds 

E(uj<E) S uj)(s, r) + E(u <Z> S oj)(r, t) 

(3.6) 



+ J S(€-r) J S(r - q)Euj'{q)dq® v u/(£)d£ = E(lj <E) S w)(a,t). 
Taking into account (|3.4j) . the last integral on the right hand side of (|3.3j) can be written as 
G(«(r))Di(cj ®s w)(r, t)dr 

= - [ {G{u{r))-DG{u{r)){u{r)-u{s),-))D x {u}® s oj){r,t)dr 



(3.7) 



DG(u(r))(u(r) - u(s), •)-D 1 (w ®s w)(r, i)dr- 



= -(-!)"/ ^+G( W (-))HA- Q ^®5^)(-,i)^Hdr 

+ (-l) a f i? s a + I5G(<))Kr)-^ S ) ) 0[rp i 1 r a (a;® sW )(- ) t) t _[r]dr 

-(-1) Q f ^ + ^G(u(-))HA 1 ~ a («®(w®5^)(-,i))(s,-) t -Hdr. 

Notice that in the previous expression we have used (|2.10[) and (|2 . 16|) . Moreover, for E £ L2(^ x V, Vs), we 
set 

25(u ® (w ®s *)(*, r) = / 25(u(?) - u(s), -)-Di(w ®s w)(g, 



such that 



S(£ ~ q)E(u{q) - u(s),u}'(q)) ® v Lu'(£)d£dq £ V g> V 



ED 2 {u® (w® s w))(-,t)(*,-)[r] = B(«(r) -u(«),-)I>i(w®srw)(r,t), 



which gives us the last integral on the right hand side of (|3.7p . From now on we write {u® (w®sw))(t) instead 
of (u® (w%w))(',i). 



10 



MARIA J. GARRIDO-ATIENZA, KENING LU, AND BJORN SCHMALFUSS 



We consider the separable Hilbert space L2(V x V,Vs) equipped with the complete orthonormal basis 

(Eijk)i,j,keN 

[ : j ^ I or k 7^ m 
E ijk {ei,e m ) = i ^ . ■ = z and k = m 

Under the assumption (|3.5[) . similarly to the above estimate for (u; C^s oj), we have that 



E 



s Jq 



< 



S((, - q)E ljk {u{q) - u(s),u'(q)) ® v u'(Z)d£dq 

£ /V - e-^-^dqj' k(£)| 2 ^' |«(«) - u{s)\^\q)\ 2 dq < oo, 

which shows in particular that 

(u<g> (w® s w)) e C w (A 0! r;i2(i2(V x V, 14), V® V)). 
Lemma 3.2. Suppose that (|3.5|) holds. For < s < t <T, (u <g> uj) satisfies the equation 

{u <g> w)(s, t) = y - a) - id)u(s) <g>y u/(£)d£ + y y ? S(£ - r) F(u(r))dr ® v u/(£)d£ 

(3.8) /" t% + G(u(-))[r]Dll a {u® sU )(-,t) t -[r]dr 

+ (-I) 2 "" 1 y' L> 2 ^ 1 L>G(w(-))[r]A 1 r Q X>i 1 r Q (M <g> (w ® s w)(*))[r]dr. 
Proof. Let us consider fj e L 2 (U x V, V5). Since, for < s < r < g < t < T, 

rr rt 

S(£ - t)E{u{t) - u(*),w'(t)) ®y Lo\£)d£,dT 

■ q f t 

S*(£ - r)£(u(r) - u(r), w'(t)) <8>v w'(£)d£dT 
S(£ - T)E(u(r) - u(i),w'(r)) ®v u'(Z)d£dT 



1 r J r 



1 r J r 
r q f t 



r J q 



8{Z - T)E(u(r) - u(s),lj'(t)) ® v u/ffidtdr 
= - J" J S(£- t)E(u(t) - u(s), w'(r)) ® v u'iQd&T 

we have 

E(u<E)(uj <g) S u>)(t))(s, r) + E(u <S> (a <Z> S w)(t))(r, q) - E(u(r) - u(s), <E) S ui)(r, q) 

(3.9) ri r* 

=E(u®(uj®suj)(t))(s,q)+ / / S(e-T)%(r)-a(s),w'(T))%w'(e)^T. 

J r J q 

In particular, when q = t, we have 

E{u®{w ® s ui)(t))(s, r) + E(u ® (cj ® s <*>)(*)) (r, i) - £(«(r) - u(s), -)(ui ® s w)(r, i) 
=E(u® (uj® s w)(t))(s,t). 
Since (a; (85 w)(t, t) = the above expression is exactly the Chen equality for (u <E> (to ®s w))(i): 
<g> (w ® s w)(*))(s, r) + E(u ® (w ® s w) (i))(r, i) 

+ £(u(r) - u(s), -)((w ® s i) - (w ® s w)(r, i)) = E(u ® (cj ® s u)(t))(s, t). 
Thanks to (13.91) we have 



(3.10) 
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Bflir (u®(w®ffu)(t))(«,-)t-[r] 

_ / E(u®(u}® s u})(t))(s,r)-E(u®(L)® s u){t)){s,t) 

T(a) V (t-r) 1 -* 

1 E(u <g> (w ®s w)(t))(s, r) - E(u <g> (w ® s w)(i))(s, 0) 
T7p 



+ (!-«) / 72i d0 



f-E{u® (u8 fi u)(())(r,t) +S(u(r) - u(s), -)(w®s w)(r,t) 



r(a) V (t-r) 1 -" 

/•* -gfe (a; ® s a;)(t))(r, 0) + |(u(r) - <g), ®s hQ(r, g) , fl 

^ , f* I" Si g(g - r)£Mr) - u(.s), o/(t)) y a/(Qrfgdr jfl 

+ (1 ~ a) X (fl-rf- d ° 

= -EV\z a (u ® (u ® s u)(t))[r] 

+ ^{ar{ JT^Y~ a + (1_a) X (6~r?~ a 

f* f[ J' gfc - r)£(u(r) - u( S ), ^(r)) % a/(Qrfgdr 

+(1_a) X 



Furthermore, by (|3.6p we have 

ED\z a (u(r) - u(s), -)(w ® s t) t _ [r] = £(u(r) - «(«), OA-"^ ®s «)(•, *)t- W 
( E{u{r) - «(s), -)(w ® s w)(r,f) 



r(a) V (i-r) 1 -" 

/£( u (r) - u(a), -)(w ®s w)(r, t) 



T{a) V (t-r) 1 -" 

"* E(u(r) - u(s),-)(u ® s w)(r, 0) 
(0 - r) 2 



+ (!-") / , a d0 



ft J[ Jl S(£ r)E(u(r) - u(s), u'(r)) ®y ^(Qdgdr ^ 



Plugging the above expression into the previous expression of ED}z a {u <g> (w ®s w)(t))(s, •)*- W, we obtain 

EDlz a {u ® (w ®s w)(t))(s, -)t_ [r] 

= - EV]z a (u g> (w ® s w)(*))M + #(u(r) - u(s), OA 1 -"^ ®s w)(-,<)t-[r]. 



Note that the previous equality shows a similar connection between the fractional derivative and the compen- 
sated fractional derivative obtained previously in (|2.17l) . 
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Hence, using (|3.7p and the fractional integration by parts formula (|2.7p , we obtain that (u® u) satisfies the 
equation 

(u®u>)(s,t) = / (£(£- a) -id)u(*)®y + / S{£ - r)F(u(r))dr ® v uj' {Z)d£ 

J s J s J s 



(-IT D? + G(u(-))lr]Dll a (u® s u)(;t) t _{r}dr 



+ {-l) a f D c : + DG{u{-))[r]V l t Z a {u® (w ® s w)(t))[r]dr 

= / - a) - id)u(a) ® v w'(£K + / [ S(t-r)F(u(r))dr® v u/(£)d£ 

J s J s J s 

(-1) Q ^ ^ + G(«(-))W A- Q (w ®s t) t _ [r]dr 
+ (-1) 2 "" 1 f D % s %- 1 DG{u{-))[r}D x t Z a V\z a {u® (uj® s uj)(t))[r)dr 

J s 

which completes the proof. □ 

We note that the last two integrals in (|3.8p are well defined. In particular, we apply the operator 
D t Z a (u;®suj){-,t)t-[r], which has values in the separable Hilbert space L2(L 2 (V, Vs), V®V), to Df + G(u(-))[r], 
which is contained in the separable Hilbert space L 2 (V, Vs). Then we can use the definition of a Hilbert space 
valued integral of Section [5J Similar we can argue for the last integral of (|3.8[) . In the Appendix, we will prove 
that (u ® uj) given by (|3.8[) satisfies the Chen equality (see Lemma 153)) . 

Let us now deal with the structure of (u ® (uj ®s uj))- 

Lemma 3.3. Suppose (|3.5p holds. Let E € L 2 (V ® V,Vs). Then for 0<s<q<t<T the expression 
E(u® (ui ®s uj)(t))(s,q) satisfies the equation 

E(u®(u>® s u)(t))(s,q) = -(-1) Q / uj s {r,t)E(u(r) - u(s),w'{r))dr 



D« + us(;t)E(u(-) - u(s), .)H^Z Q a;,_ [r]dr 
+ (-l)"" 1 f D'r'EH-) - u(s), ■)[r]D 1 - a V 1 -»(u, s (t) ® uj)[r]dr 

1 — a 1 a / 



(3.11) 



+ (-l) a - 1 J Di«- 1 uj s (-,t)[r]EDlz a V 1 q Z a (u®u>)(t)[r]dr, 
where (u>s{t) ® uj) is defined for s < t < t, E £ L 2 (V, Vs) as 
E(u s (t)®u)(s,T)= ( (u s (r,t) - u s (a,t))Edu{r) 

J s 

(u)s(r,i) - LJs(r,r))Edu}(r) + J u;s(r,T)Edw(r) - J uj s {s,t)Eduj(r) 
=uj s (t, t) J S(t - r)Eduj(r) + (-l)~ a E(u ® s uj)(s, r) - w 8 (s, t)E(u(j) - w(«)). 
We note that for smooth u> the term E(ujs(t) ® u>)(s,t) is defined in the sense of (|2.4[) . 
Proof. We define 

f & : L 2 (V S ,V ®V)xV^ L 2 (V, V®V): f M (Q, u) = Q(E(u, ■)). 
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From (13.41) we have for smooth lo that 



E(u® (w®sw)(t))(s,g) = - {-l) a J 9 u s (r,t)E(u(r)-u(s),oj'(r))dr 

= - (-1) Q T /£(^(r, f), u(r) - u(s))u/ (r)dr. 



Following (12.161) or Theorem 3.3 in [T7], we have 

9 

fz(ujs(r, t), u(r) - u(s))w'(r)dr 

= (-1)" f 9 Df + f^(uj s (-,t)M-)-^s))[r}Dlz a uj g -[r}dr 

J S 

(3.12) - (-1)" y V s (r, *) - w s (*, t))Df + E(u(-) - u(s), .)[r]D\z a w q . [r]dr 

- f D% + u> s (;t)[r}E(u(r) - u(«), -)^ Q w 9 _[r]dr 

+ y Dfg(us(r, t),u(r) - u{s))(u s (r, t) - lo s (s, t),u(r) - u(s))w'(r)dr. 

Now we calculate the derivative of f^: 

Dfsiusir, t), u(r) - u(s))(u s (r, t) - lo s (s, t),u(r) - u(s))w'(r) 

=(io s (r, - lo s (s, t))E{u{r) - u(s), u/(r)) + co s (r, t)^(«(r) - u(«), w'(r)) 

=£(u(r) - ■)D 2 (uj s (t) ® w)(s, r) + w s (r, t)ED 2 {u ® w)(s, r). 

Substituting the above expression in (|3.12p . after applying integration by parts to the last two terms, we want 
to calculate ED q Z a (cos(t) ® w) g _(s, -)H and ED q Z a (u (8 w)(t)(s, •)«-[>"]• First, we have 



EDlz a (u s (jt) g> w),-(*> -)[r] = l£l a £;(ws(t) ® -)H 



9 

\1— a 



(E{w s {t) ® u)(a, r) - E{io s {t) ® u){s, q) 



r(a) V (g-r) 1 -" 
— af 

(-1) 1 -" (E(u s {t) ® w)(r, <z) + (w s (r, t) - t))E{to{q) - w(r)) 



r(a) V (q-r) 1 "" 

r« £(w s (t) 8> w)(r, 0) + ( t^M)- w s («, t))E(u(0) - w(r)) 

(0 - r) 2 



+ i 1 - a > I 7^ d0 



= - J B2? 9 1 Z Q ( Ws (i)® W ))[r] + ( Ws (r,0-ws( S ,t))^ ? 1 - a ^_(r). 
Secondly, in a similar way, by (|2.17|) . we obtain that 

^Z°(u ® w)(t)(«, •),- [r] = -M^I> ® w)(*)M - £(u(r) - u(«),iJjz a w g _(r)), 
and substituting the last two expressions into fl3.12[) we obtain the conclusion. □ 

4. Global existence and uniqueness 

We now want to find an appropriate formulation for (|1.1[) . As we said in the Introduction, to is a Holder 
continuous function of order /?' e (1/3, 1/2), hence the integral with integrator lo is not well defined in the 
classical sense. However, in what follows we will see that the two last terms in (|3.2p are well defined when 
to is /^'-Holder continuous. A main difficulty in that point is that for a non regular path lo we cannot expect 
that (u<S)lo), which appears in the last term on fl3.2[) . is well defined. However, we are able to overcome these 
problems by formulating the term (u ® to) by another operator equation. This will be possible thanks to the 
2/3'- Holder continuity of (to (8>s to), as we will explain below. 
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We now introduce for every /3'-H61der continuous path uj the phase space in which we are looking for 
solutions to the problem ([l.ip : 

W{T 1 ,T 2 ) = Cp([T l ,T 2 ]-V) x C 0+0l (A TuT2 ;V®V) 

for < T\ < T 2 , with seminorm 

lllf/lll = NI/3 + \Mf>+f>>, U = (u,v) G W(Tx,T 2 ), 
and such that the Chen equality holds for U, which means that for < T\ < s < r < t < T 2 , 
(4.1) v(s, r) + v(r, t) + (u(r) - u(s)) ® v {w(t) - u)(r)) = v(s, t), 

where to denotes a fixed /^'-Holder path with /?' G (1/3, 1/2). Note that, when we consider for u the subset of 
functions with a fixed value say at T\, the expression \\\U\\\ generates a complete metric, see Section [2J For 
the metric dw{U\,U 2 ) we will write \\\Ui — U 2 \\\. 

When u\(T\) 7^ u 2 (Tx), W(Tx,T 2 ) becomes a Banach space if we add |u(Ti)| to |||J7 1||. However, as we will 
see below, see Remark 14. 11[ it suffices to work with the seminorm ||| ■ ||| as we have already defined. 

Recall that the spaces appearing in the definition of W(T\,T 2 ) as well as the corresponding norms were 
also introduced in Section [2] 

We now give the definition of a solution to (|1.1[) . For the sake of brevity, we assume from now on that 
F = 0. In addition, we consider solutions only on the interval [0, 1]. 

Definition 4.1. Assume that uq G V, and G satisfies the conditions described on Section^ A mild solution 
°f (jl-ip is a pair U = (u, v) £ W(0, 1) satisfying 



t 

l-u. 



(t) = S(t)uo + (-l) a / D% + (S(t- .)G(«(-)))WA- a w t _Wdr 



(-1) 2 - 1 / DlX-\Slt--)DG{u{-)))[r}D\Z a V]z a v[r}dr, 



(4.2) 



v(s, t)= J (S(£ - s) - id)u(s) ®y ) 
(4.3) J b« + G{u{-))[r]Dll a {u® s u){-,t) t 4r]dr 

+ (-I) 2 "" 1 / D%T 1 DG(u(-))[r]Dll a Vll a (u ® (w ®s w)(t))[r]dr, 



for < s < t < 1. T7ie ierm (u (8> (w <S>s w )(^))( s )^) ccm ^ e defined by the right hand side of (|3.11j) where we 
replace u® oj by v, that is, for E G (8 V, Vs), 



E(u ® ( w <g> s w)(t))(«, ?) = - y 4 Q +^s(-, *)£(«(•) - ■)Mi3jZ 01 w 9 - [r]dr 

(4.4) + (-1)"" 1 £ Dll^Eiui-) - u(s), ■)[r]D\z a V\z a {u:s{t) ® uj)[r}dr 

+ (-ir~ l £ Dl%-^ s {-Mr]ED\z a V l - a v[r]dr, 

where (uis(t) <£> oj) is defined for s < t < t, E G L 2 {V, Vs) as 

(4.5) E(ws(t)®w)(s,T)=w 8 (T,t) f S(T-r)Edw(r) + (-l)- a E(u J ®sUj)(s,T)-L J s(s 1 t)E(L J (T)-u(s)). 



Remark 4.2. The notation of the tensor given by (|4.4[) /ias 6een inherited by its analogous counterpart in the 
finite- dimensional case, see [17j . However, we would like to point that, despite its name, the tensor u®{ui®s^>) 
depends on v as can be seen in its definition. 
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We denote the right hand side of the system (|4T2 |) -(|4T3 ]) by T(U) = {T\{U) ,%{U)) . For the sum of both 
integrals in (|4.2[) over an interval [s,t] we use the abbreviation 

ft 

S{t-r)G(u(r))duj{r). 

Observe that in the previous definition, the equations for the second component v as well as (u ® (ui <E)s w)) 
can be regarded as the generalizations to the non-regular case of the equations we have in the regular case for 
(u <g> u) and (u ® (w <g>s ui)) (see Section[3]). Due to Lemma IB~5l it is therefore natural to assume that v given 
by P~51) satisfies (gTTJ). 

Remark 4.3. We have defined the solution with respect to the time interval [0,1]. Similar we can define a 
solution on [T 1 ,T 2 ], < T\ < T 2 , when the initial condition is given at Ti and the space for the solution is 
W(T U T 2 ). 

In order to establish the existence and uniqueness of solutions to system (|4.2[) - (|4.3j) . we set the following 
Hypothesis H: 

(1) Assume that S is an analytic semigroup with generator A on the separable Hilbert space V. We 
assume that —A is positive and symmetric and that A has a compact inverse, generating a complete 
base of eigenelements (e^gN of V. We also need to assume for the associated spectrum (A 2 ;)i e N of A 
that 

(4.6) £at 24 <oo, 

i 

where 8 € [0, 1] is an appropriate parameter which rank value will be determined later. 

Assume G : V i-> Lziy, Vg) is a three times Frechet differentiable mapping with bounded derivatives 
as in Lemma [231 such that DG(-) G L 2 (V ® V, Vg). 

(2) Suppose that 1/3 < H < 1/2 and 1/3 < j3 < H. Suppose that there is an a such that 1 — f3 < a < 2/3, 
a < and —3/3 + a + H > 0. Hence we can assume that —2/3 + 2a + H > 1. 

(3) Let cj <G C/3'([0, 1]; V) for any (3 < (3 1 < H such that the last two inequalities in item (2) hold if we 
replace H by f3'. 

(4) Suppose that (w <g>s u) S C2,s'(Ao 1 i; L^iL^iy, Vs), V <g> V)), and in particular the mapping L 2 (V, Vs) 3 
E i-> E{w®sw){s,t) is linear and bounded for fixed (s, t) € Ao,i. In addition the Chen equality holds 
in the following way: for E £ -^(V, Vs), < s < r < t < 1 we have 

E(u ® s w)(s, r) + E(w ®s w)(r, t) + (-l)" Q w s (r, f) / S(r - q)Eduj(q) = E(lu ® s oj)(s, t). 

J s 

(5) Let (w™) rie N be a sequence of piecewise smooth functions with values in V such that ((aj n (g>su;™)) Ilg N is 
defined by (|3.4[) . Assume then that for any (3' < H the sequence ((u) n , (w™ ®5 w™(-, •)))) ti gn converges 
to (to, (to ® s •))) in C^([0, 1]; V) X C 2/3 , (A ,i; L 2 (i 2 (V, Vj), V (8 V)). 

Remark 4.4. (ij In ziem ('ij above note that the negativeness of the operator A is not a restriction, since 
otherwise we could consider A — cid and -F + cid instead of the respective A and F, with c a positive constant. 

(ii) The integrals J r S(r — q)Edoj(q) and U)s(r,t) = (— 1) Q J S(£ — r) • ®ydw(£) in item (^J are ioeZ/ defined 
in the Weyl sense if S and uj satisfy the above properties, see Lemma \4-5\ below. 
(Hi) We have that 

(4.7) |i? t 1 r a a; t _[r]|< C || W || j8f (*-r)« + ' , '- 1 > 
which follows easily from the Holder condition on uj, item (3) above. 

(iv) To interpret (|1.1[) as a stochastic partial differential equation we can assume that uj is given by a 
fractional Brownian motion with Hurst parameter H € (1/3, 1/2]. 

From now on, we will use c or C to denote a generic positive constant which value is not so important and 
that may change from line to line. That constant may depend on parameters, for instance, it may depend on 

(J. 

At this point, it is crucial to stress that it is possible to give sense to all integrals appearing in our definition 
of solution, namely, to every integral in (|4.2[) - (|4.3|) . As it was shown in Section[2]and Section[3] in order to do 
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that it is necessary to make use of the L 2 spaces of Hilbert-Schmidt operators. Hence, for instance, for the 
last integral on the right hand side of (|4.3[) . we need DG(u) to belong to L 2 (V (8 V, Vs) and (u (8 (ui ®s ui)) to 
be an element in L 2 (L 2 (V (8 V, V S ),V ® V)). 

Note that in (jgj^l . the operators Dg+(S(t - -)G(u(-)))[r] and L>g" _1 (5(t - -)DG(u(-)))[r\ are applied, 
respectively, to an element in V and V <8 V. However, in (|4.3|) this is different. There the operators (to <8,s cj) 
and (w (8 (w (8s w)), considered to be contained in L 2 (L 2 (V, Vs), V (8 V) and £2(^2 (V (8 V, Vs), V (8 V)), are 
applied to the elements D" + G(u(-))[r] and D 2 ^ 1 DG(u(-))[r]. Note that this last regularity property of the 
tensor (u (8 (w ®s w)) is not part of the Hypothesis H and will be analyzed in Lemma T4. 61 

Now we establish some properties of wg, which are consequences of (|2.10[) due to the regularity of the 
semigroup. 

Lemma 4.5. Under the Hypothesis H the following statements hold: 

(i) For < s <r <t < 1, e eV and f3' < f3" < H we have that 

\\uj s (r,t)e - u s (s,t)e\\ < c\r - sf (\\u\\p, + \H\ p „)\e\, \\us{s,t)e\\ < c\t - sf \\u\\p,\e\. 

(ii) The mapping 

E e L 2 (V, V s ) h> 1(E) := J S(t - r)Edu(r) 

is in L 2 (L 2 (V, Vs), V), with norm bounded by c||w||/3'(£ — s) 13 . 
Proof. Let (3' < (3" < H such that for a' < a" < 1 we have 

P' + a" < 1< P" + a'. 

Then 

vs(r,t)e - u s (s,t)e 

(4.8) r* f 

= (-l) Q / - r)e - S(£ - s)e) ® y dw(0 - (-1)" / S(£ - s)e ® v dw(f). 



Taking Lemma 1 2. II into account we obtain 

- r)e - S(- - S )e) K ]| < c( ^=^ + «' jf (gl^(g-^ +y ^ 
<c(r-s)^'(e-r)- a '- /3 '|e|. 
Moreover, we can write (|4.7p in the following way 

i^Vieii^ciiwii^ct-O '^"- 1 - 

Hence, by applying Lemma RTTl the first integral on the right hand side of (|4.8p is bounded by c\r— s\" ^g^^ | e[ . 
Furthermore, for the last term in (|4.8[1 and 1 — j3' < a' < a" < 1, in a similar way we obtain 

\\D?+S(- - s)e[$ ® v Dfur-mX < f \Di+S(- - s)e[ii}\\D X r Z a ' u> r .[ti]\d1i 

J S 

< cMM [ ((« - .)-' + jf ( ,_.«7 ( |'_V- *) (r - « ) °' + ''"'« 
<c|M| jr |r-«|' , '|e|. 

The second conclusion of (i) follows directly from the last inequality taking r = t, therefore the proof of (i) is 
complete. 

Now we prove (ii). To see that 1(E) is well-defined, it is enough to check that r i-> S(t — r)E is locally 
Holder continuous (see (|2.10j) and Remark |2.5[) . In fact, for e € Vs, for /?' from Hypothesis H wc can choose 
< a < a' with a + (3' - a' > such that 

\(S(t - r) - S(t - q))e\ < c(r - q) a ' \(-A) a ' S(t - r)e| < c(r - gf (t - q)- a ' +s \e\ Vs , 

and therefore, according to (|2.10j) . Remark 12.51 and (|4.7|) . for e€Vs, in particular 

|/(e)|<(*- S )^'|ekHI^. 
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Now we study 

\\I(-)\\l 2 (l 2 (v,v s ),V) 



S(t - r) ■ duj(r) 



L 2 (L 2 (V,V S ),V) 



0' 



< c J \\Df + S(t - -)[r]\\ Lon \\ ■ Dlz a ^-[r\\\L 2{ L 2{ v,v 5 )y)dr < c\\u>y(t - s) 

It is easily seen that the integrand D" + S(t — - )[r] ■ D]z a wt-[r] of this integral with values in L 2 (L 2 (V, Vg), V) is 
weakly measurable with respect to the separable Hilbcrt space L 2 (L 2 (V, Vg), V) such that by Pettis' theorem 
the integrand is measurable. The norm of 

E i-> ED 1 t I a uj t .[r] 

in L 2 (L 2 (V, Vg), V) is just (£\ X7 25 )^\D l t Z a u)t-[r]\ which can be estimated by (JO} and (|4Jl) . 



□ 



Lemma 4.6. Under the Hypothesis U,forO<s<r<q<t<l,Ee L 2 {V®V, Vg) and U = (u, v) £ W(0, 1) 
for the mapping 

L 2 (V®V,V S ) 3 E h-> E(u <g> {oj ® s uj)(t))(s,q) G L 2 (L 2 (V <g> V, V s ), V ® V) 

it holds 

(4-9) ||(U<8> (u®SU)(t)){8 i q)\\ La(La( y xVtVs)tV9V ) < c\\\U\\\(q - sf +l3 ' (t - sf . 

Moreover, the expression (u<S> (w%w)) satisfies the Chen equality (|3.10|) . In addition, 

(4.io) ii^ 1 -"^ 1 -"^ ^^^Xi))^]!!^^,^^^^)^^^) < C |||t/|||( £ - ^ ) ^+2 /3 '+ 2Q - 2 _ 

Proof. Let us consider separately the three terms of (u ® (uj (£)$ uj)(t))(s, q) given in (|4.4[) . For every integral 
of (u (£> (us <S)s us)(t))(s, q) we shall firstly deal with the existence of the integral; secondly we will prove that 
these integrals define elements in L 2 (L 2 (V <£) V,Vs),V <£> V), and finally, we will obtain adequate estimates of 
their norms in the mentioned space. 
We start with 



h(E) := j*Dl%-^ s {-Mr\D\Z a V\z a Ev[r]dr. 

We show the existence of I\, In fact this integral is well defined since the factors in the integrand are 
Holder-continuous. Let us look at this statement with more details: firstly we can exchange E and the 
fractional derivatives D] } Z a T> 1 q Z a (see (|4.12j) below), so that the two factors become D 2 +~ 1 ujs{-,t)E[r] and 
D\z a V\z a v[r\. By assumption v e Cp + p>(A ,i; V ® V) and thus ((2T20j) holds. Furthermore, Lemma 1431 
guarantees that u>s(-,t)E £ Cp'([s, t]; L 2 (V ® V, V <E) V)). This means that the factors satisfy the conditions 
for the existence of the integral (see section [2] to find the conditions under which (|2. is well defined). 

For a fixed v £ V ® V the mapping 



(4.11) 



L 2 (V ®V,V S )3 E^ Ev 



is in L 2 (L 2 (V V, Vg), V). The norm with respect to this space is (X^i \ ) 2 IMI- Then, since from Lemma 
D 2 s %- l uj s {r,t) is in L(V,V®V), E H> h(E) is a mapping in L 2 (L 2 (V ® V, Vg), V <g> V). 
In particular we consider the above integral with an integrand having values in the separable Hilbert space 
L 2 (L 2 (V (E> V, Vg), V <g) V) . It is not hard to see by Pettis' Theorem that the integrand of this integral is weakly 
measurable and hence measurable as a mapping from [s, q] into L 2 (L 2 (V ® V, Vg), V <S> V). Moreover, we have 



|-fl||L 2 (L 2 (VigiV,V 4 ),Vi8>V) 



< 



< 



Di a + -^s{;t)[r]D" q Z a V" q Z a -v[r) 



dr 



L 2 (L 2 (V®V,Vs),V®V) 



\\D£r 1 w s (- ) *)H|| L(v , v ^ ) ||^Z a 2?^«.«[r]|| £si{La(V8V , Vf)i v)dr 
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In order to estimate the second factor in the integrand of I\ , we note that 

(4.12) D\l a V\z°-Ev[r\ = ED\z a V\z a v[r\ 

which follows easily simply exchanging the integrals in the definition of the fractional derivatives and E. Under 
the Hypothesis H, for r G (0, 1) and v G Cp + p>(A ,i] V ® V), 

\\Vll a v[r}\\<c\\v\\ M ,(t-rf + f ) ' +a - 1 . 

Then, thanks to (|4ZTj) . for r G (0, 1) and U € W(0, 1), we obtain 

(4.13) \\Dlz a v]z a v[r]\\ < c(\\v\\ fj+fj , + \\u\\ fj M fj ,)(t r y+P+**-\ 

In fact, (|4.1ip together with (|4.13|) immediately implies that 



W q -_ a V'-_ a ■ v[r]\\ LMV ® V y 5)y) < c(\\v\\p +p , + \\ub\\<»b')(a - r) 



2a+/3+/3'-2 



and by Lemma B~5l (i). for H > f3" > f3', 



WDll-^si-MrWWv.y^v) < c 



(t - rf 



|_|i^)(|| w ||,, + | M |H. 



(4.14) 



( r _ s )2a-l 

Combining the previous estimates we can conclude 

P Dlr l u S {-Mr]D\Z a V\z a -v[r}dr 

Js L 2 (L 2 (V®V,V S ),V®V) 
<c(\\v\\p + p, + \\u\\p\\ U \\p,)(\\u\\p, + \\ U \\p„)(t sf(q 8)M. 

Next we deal with 

h(E) :=y e ^ +ws (.,*)B(«(0- «(«),- )[r]X>Jl a « 9 _[r]dr. 

According to Taylor expansion we calculate the norm of the compensated fractional derivative \\Df,ujs(-,t)E(u(-)- 
u ( s ); ■)WIU 2 (v,v®y) m the following manner: 

u s (r,t)E(u(r)-u(s),-) 



\D« + oj s (;t)E(u(-)-u(s),-)[r}\\ L2i v,v®v) 



< 



(r - s) c 



L 2 (V,V®V) 



(4.15) 



r (u s (r,t) - uj s (6,t))E{u{r) - u(8),-) 

{ r - ey+ a 



d0 



l 2 (v,v®v) 



< c((t _ r f (r _ a) P-a + {r _ s) ^-«)\\uy\\E\\ WVtVs) . 



The last inequality follows thanks to the regularity of u>s, see Lemma [4.51 (i). We obtain that 12(E) is well 
defined for every E G L2(V ® V, Vg). In a similar way as we have already done with I\, we can interpret I2 as 
an element in Li{Li(V ® V, Vg), V ® V), since 

E G L 2 (V ® V, Vg) i y E(u(r) - u{s),D\z a oj q - [r]) 

is in L2(L 2 (V<£) V, Vg), V), where the norm of this mapping is given by \Z 25 )^\u(r) — u(s)\\D 1 q Z a Lo q - [r]\. 

By the regularity conclusions for uis(-,t) we obtain that the mapping E G ® V,Vg) h-> I 2 (-E0 is hi 

Again, by Pettis' Theorem the integrand of I 2 is measurable. Lemma l4~5l (i) and (|4.7p gives 



D? + w s (-,t) ■ («(•) - U (*))[r]Djl a a;,_[r; 

"L 2 (L 2 (V®V,V5),V®V) 



for H > f3" > f3'. 

Now we estimate the third term: 



J 3 (£7) := / D£- X £(u(.) - u(«), .))[r]DjZ Q 2^Z Q (ws(*) ® w)Mdr := /31 + J32 + J; 



33 . 
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where these integrals correspond to the three different terms coming from the expression of (u>s(t) ® ui) given 
in (|4~5j) . 

We also need that for a fixed u = J2j ^j e j G V 



u,ei)\ Vs 



E E^v*.*) <EE^E^> 



e^Jly, = l«| a ||^lli a (v®v,Vi) 



such that 



(4.16) L 2 (V E(u, •) g L 2 (V, F 5 ) 

is contained in L(L 2 (V" ® V, Vj), £ 2 (V, V5)) with norm \u\. 
Let us start with the first integral /31 . 

hi{E) = £ D\-_ a V\z a (w s (-,t) j S(- - QMS) MD^Eiui-) - u(s), -)[r}dr 

where, for E e L 2 (V,V S ), u s (-,t) /' S(--£)Edu(£) is the mapping A ,i 3 (s,q) i-» // S(q-£)Edu(£) G 

V®V. This integral exists because £'(-, L>Jl a o; g _) € L 2 (V, Vj), and by Lemmal431 (i) and (ii) for H > j3" > /?', 
we have that 

\\us(T,t)J S(r - r)E{;<h>)\\ L2[ViVm) < c(t - rf (r - s)^'||S|| L2( ^ v>Vi) ||a;||^(||a;||^ + \\uj\\p,), 
and therefore, 

D\z a V\z a Us{;t) j S(--OMO)[r] 

such that /31 can be interpreted as the integral (|2.19[) . 

Now notice that, similar to (|4.12[) . it can be checked that it is possible to exchange D^"~ 1 and E and 
therefore, by (|336]) . the mapping £ x : E ^ E(D^"~ 1 (u(r) - u(s)), •) is in L(L 2 {V <g> V, V5), L 2 (V, V s j) with 

(4.17) INk^Cvw.^^CW)) = |^2+ _1 («(r) - u(a))|. 

Moreover, thanks to Lemma 3.4 (ii), we know that L 2 (V, V5) 9 E i-> J r S(T~r)Eduj(r) is in L 2 (L 2 (V, V5), V). 
In particular, we also have 

(4.18) £ 2 : L 2 (V, V» 9 E h> ^Z q ^Z q t) ^ S(- - 0£dw(£)) W 

is in L 2 (L 2 (V, Va), V <£> V). Therefore, the composition £ 2 ° £1 of the mappings in (|4.17p and (|4. 1 8[) allows us 
to conclude that the integral is Hilbert-Schmidt and the mapping E — > 131(E) is in L 2 (L 2 (V® V, V$), V<E> V). 

We need Pettis' Theorem to ensure that the integrand having values in L 2 (L 2 (V <8> V, Vs), V ® V) is mea- 
surable. Hence 



< c{t-qf\q-rf' +% 



\hi 



31\\L 2 (L 2 (V®V,V S ),V®V) 



< 



u>g{-,t) / S(--OMO )[r]Dtr 1 -{u{-)-u(s),-)[r] 



dr 



L 2 (L 2 (V<g>V,V s ),V®V) 



< 



\\D^Z a V^ a hjg{;t) J S(- ' <M0 ) lr]\\L 2 (L 2 (V,V s) ,V®V) («(') " "WJWI* 

cllwii^diwii^ + Hwii^oilull^t-^Cg-*)^, 



where H > ft" > f3' . Finally, notice that by Hypothesis H, item (4), the integral I32 can be estimated in a 
similar manner. For ^33 we can find an estimate by the method used to estimate I\ or J 2 . 
Collecting the estimates for I\, / 2 and I3 we get (|4.9p . 
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The Chen property follows since, as we proved in Section 3, (u <E> (w <E>s w)) satisfies (|3.10p in the regular 
case. It suffices therefore to consider an approximation argument to show this property in the non-smooth 
case. 

Moreover, the previous estimate for (u® (wgju)) implies (|4.10[) similarly to (|2 . 20[) (see Lemma 6.3 in [17] 
for more details). To get it we want to emphasize that it is necessary to use the Chen equality p.lOj) . □ 

The following estimates are crucial for the existence of a solution. 

Lemma 4.7. Suppose Hypothesis H holds. Then there exists C > such that for T G [0, 1] and U G W(0, T) 
we have 

(i) Ifu G V s with 5 > (3, 

(4.19) \\Ti{U)y < CT s -^u \v 5 +CT^-^1 + T^\\\U\\\ 2 ). 

(a) ifu e V s , 

\Tx(U)(T)\ Vs < \uo\v s + CTe\l + TW\\\U\\\ 2 ). 

Remark 4.8. We want to stress that the second term in both of the above inequalities stem from the integral 
term of (|4.2[) . while the first term is an estimate of \\S(-)uo\\/3 and \S(T)uq\v 6 , respectively. 

The proof of this result is rather technical for which we have preferred to present it in the Appendix. 
In the following result, we obtain the corresponding estimate for 72{U)(s,t), which has been defined as the 
right hand side of equation (|4.3[) . 

Lemma 4.9. Suppose Hypothesis H holds. If in addition uq G Vs for 5 > (3, then there exists C > such 
that for T G [0, 1] and U £ W(0, T) we have 

\\T2(U)\\ p+pi <C(T^^(l+T^\\\U\\\ 2 )+T s -% \ V5 ). 

Proof. Let us denote 72(U)(s, t) =: £?i(s, t) + B 2 {s 7 1) + B 3 (s 7 1), corresponding to the three different addends 

of not . 

For B\ we can consider the following splitting: 

Bi («,*)= / - a) - id)u(a) ®v MO 

J S 

(S(0-S(s))u ®vMO 

+ J (S(t - s) - id) (J S(s- r)G(u(r))dw(r)^ ® v du(£) 
=:B 11 {s,t) + B 12 (s,t). 

B\ can be interpreted in Weyl's sense thanks to the regularity of its integrand, which means that 
B 11 (s,t) = (-1) Q [ Df + ((S(-) - S(s))u m ® v D]z a uj t Am- 

J S 

For a < \i < 1 + S and s > 0, applying (|2.1|) and (|2.2j) we have 

ma //o M o ( ^ U,1|^ 1 f \(S(Q-S(s))u \ [* |(S(g)-S(g))Mo| \ 

\D S+ ((S(.)-S(s))u m\ <f^){ +*] s ^_ q)1+a *l) 

<c^- S ) s - a \u \ V5 . 
From the last inequality and (|4.7p . for s > 0, it follows that 

\B n (a,t)\<c\\uy\uo\v t [ (Z-s) s - a (t-tf +a - 1 <%, 
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which immediately implies 

\\B lx \\^<C\u \v s T 5 -^. 

Besides, note that 

Df+ (W - a) - id) f S(s - r)G(u(r))dw(r)) [£] 



W - a) id)(/ fl g(f ~ r)G(^(r))^(r)) | J^S(( - r) S(g r))G(u(r))du;(r) ^ 



(Z-s)<* •J. (t-q) 1+a 

For the second expression on the right hand side, by Lemma I4T71 (ii) for a < \i < 1 + <5, with fj, > S, it holds 

« Jo \( S (t -1)- id ) S (« - r)G(u(r))Mr)\ 



< 



(£ - q) 1+a 
£ |A"- 4 £(g - s 



5(s - r)G(u(r))dw(r) 



dq 

V 5 



< C(l + s^\\\U\\\ V / (e (g _ g) lZ/ g < ^ + ^IIMII V« - «)' 



then in particular we have by Remark [ 

||Bi2b+/3' < CT^' +S -^(1 + T 2 P\\\U\\\ 2 ) KCTP'-P (l+T 2 %U\\\ 2 ). 

Finally, the same estimate follows for B 2 and B3. In order to see this, note that B 2 and B3 can be considered to 
be, respectively, the first and second integral on the right hand side of (|2.18[) . and then, evaluating respectively 
the Hilbert-Schmidt operators D\l a {u ®s t) t -[r] and D l t Z a Vlz a {u® (wgl s w)(t))[r] we can obtain 

\\B 2 \\^, < 0^-^(1 + T^\\\U\\\ 2 ), 

WBzWfi+p <C'T' 3 '^(T^|||f/|||+T^|||(7||| 2 ) < CT^(1 + T^|||[/||| 2 ). 

□ 

Now we establish a result related with the contraction property of 7~: 

Lemma 4.10. Suppose Hypothesis H holds. Then there exists C > such that for T 6 [0,1] and U 1 = 
(uV 1 ), C/ 2 = (u 2 ,u 2 ) G W(0,T) with 7/(0) = u\, u 2 (0) = u% G V5 we /iaue that 

\\\T{U l ) T{U 2 )\\\ < CT^(1 +T 2 ^(|||t/ 1 ||| 2 + IH^III^dllt/ 1 - U 2 \\\ + \ul ut\)+T 5 -P\ul - u 2 \ Vs . 
In addition, for the first component 71 of the mapping we get 

IT^XT) - Ti(C/ 2 )(T)| V5 < CTP\l + T^dll^HI 2 + |||t/ 2 ||| 2 ))(|||^ - U 2 \\\ + |«J - u 2 |v 5 ) + c|«J - u 2 \ Vs . 

Proof. Trivially, ||S(K - S(-)u 2 \\ p < T s -^\u l - u 2 |y,. 

We only give an idea of the proof. Denote Ait = u 1 — u 2 . In particular, in the fractional derivatives 
containing G(u) in (|4.2[) and (|4.3[) we should replace it by G(w 1 ) — G(u 2 ) and take into account Lemma [272] 
Now the corresponding estimate is given by 

||GV(0) - G(« 2 M)IU 2 (v,v,) < c DG {\u\r) - - u 2 {r) + u 2 \ + |uj - « 2 |) 

<r f qiln k(r)-u 2 (r)-(^( g )- M 2 ( 9 ))| g , V 

= CDG (j|A U ||^ + K- U 2 |) 
and similar for DG(u(r)). We also should use that 

\\DG{u\r)) - DG(u 2 {r)) - {DG{u l {q)) - DG{u 2 {q)))\\ L2(V y s) 

< c D , G \\Auy\r - qf + c D , (||A«||^ + |uj - i4\)(\\u% + \\u 2 \\ p )\r qf 
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(see Lemma r2.2p and that 

\\G(u\r)) - G(u\q)) - DG^q))^) - u^q)) 

(G(u 2 (r)) - G(u 2 (q)) DG(u 2 (q))(u 2 (r) - u\q)))\\^vy 5 ) 
<c D * G {\\u% + \\u 2 h)\\\uUr-q\^ 

+ c D s G \\u%\r - qf(\\A U \\^ + \u\ - u 2 \)(2\\u% + \\u%)\r - qf , 

which is true because of Lemma 12.31 

Note that the proof of this result follows in a similar manner as in the previous Lemmata 14.71 and 14.91 by 
doing the above changes in the integrals representing the equation (|4.2[) as well as in the integrals related to 
the area equation (j4.3[) . 

To obtain the second statement of this result we would need to use the previous estimates and follow similar 
steps than in the proof of Lemma FTTl see Appendix Section. □ 

Remark 4.11. We want to stress that in the previous result we have compared T(U l ) with T(U 2 ) by using 
the HI • 1 1 1 -seminorm. As we already mentioned, we could add to the \ \\ ■ \ \\-seminorm the V -norm of the initial 
condition. However, in practice this is not necessary, except when the previous result is used with U 1 and 
U having different initial conditions, which will happens only in Theorem \4-15\ and Lemma 1 6. 61 below. In 
the latter results in fact we have a sequence of initial conditions which converges and therefore it suffices to 
consider the seminorm. 

In Theorem 14.151 and the Appendix section we will need to apply the previous lemma when having (u, v) 
driven by ui and (u, u ® w") driven by u n . This is the reason to explain next what happens in this particular 
situation, which is not included above since the driving noises are different. 

Let us indicate for the following lemma the dependence of Ton % € Vg, u>, (w(B>su>) by T(U, w, (w®jw), uo). 

Lemma 4.12. Suppose Hypothesis H holds. Then we have for any K > that 

lim S up{\\\T(U,uj, (u <E>s w),«o) - T(U,w n , (u n ®s 0J n ),u )\\\ : \\\U\\\ < K, \u \ Vs < K } = 0. 

n— >-oo 

Proof. We only sketch the proof. For the first integral on the right hand side of (|4.2p we obtain the estimate 
2c(l + K 2 )\\ui n — u>\\i3' which tends to zero for n — > oo by our Hypothesis H. The estimate of the second integral 
of (|4.3j) is straightforward thanks to Hypothesis H, item (5). Consider finally the first and the third integral 
of (|4.3[) which can be written as 

W - *) - id)u(a) ®y d(w(0 - w"(0) 

pi 

\2a— 1 / r\2a — 1 T\t~^( n .( 7~il — Qt>1- a 



(4.20) 



- (— 1) / Dj°- L DG(u(-))[r]D£ a T>£ a ((u®(LJ® s w)(t)) - (u®(uj n ® s u: n )(t)))lr}dr. 



Recall that (u <8> (u) <E>s w)) is a function depending on U = (u, v), uj, (oj ®s w )- Let us pick one of the terms we 
have to estimate, for instance, the following term appearing in u>s(t) <g> w. 

\\(cj n )s(r, t) J T S(t - r)E(-, dco n ) - w s (t, t) f S(r - r)E{;du)\\ L , {v , v ® v) 

< C (t - T f{r - sf\\E\\ L2{vmys) {\\Lo - u n \\^Mp" + H\p>) + IMMII<" - " n \\f>» + II" ~ "!/?')), 
which converges to zero. In a similar manner we can estimate the other terms such that we have 

||(ti ® (w ®s w)(t))(«, <?) - (u <8> (u/ 1 ® s 0J n )(t))(s, q)h 2 (L 2 (VxV,V s ),V®V) < C n \\\U\\\(q - sf + P\t - sf. 

The constant C n which depends on \\u> n — w\\pi and \\uj n <Eig U! n \\28' and other terms converges to zero for 
n —> oo. 

□ 

Theorem 4.13. Assume U , U 2 are two solutions of the system (|4.2[) - (|4.3[) in W(0, 1) with initial condition 
u G V s for S G [0, 1]. Then U 1 = U 2 . 
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Proof. Suppose U 1 7^ U 2 G W(0, 1). Then then there is a p such that WlU 1 — U 2 \\ \ — p > 0. By Lemma l6.6l (see 
Appendix) and Hypothesis H, item (5), we can approximate these solutions by sequences (C/*) ne N, (C^)neN 
having the initial condition uq, being U l n = (u l n , v l n ) where u* n is given by (|3.ip and v l n has the interpretation of 
(|3.3[) driven by smooth tu n and (oj n <8>s w"), such that for sufficiently large n we have that |||J7 Z — U^\\\ < p/2 
for i = 1,2. However, we have it* = u 2 n and hence {/* = f/^ which contradicts Hit/ 1 — ?7 2 ||| = p > 0. □ 

For < a < b we consider the concatenation of elements of 1^(0, a) and W^(a, b). We have to take into 
account that the elements of these function spaces consists of a path component and an area component. 
We have to define the concatenation of the area component in agreement with the Chen equality. Let U 1 = 
(uV 1 ) G W(0,a) such that u^O) G V s , for 5 G [0,1] and U 2 = (u 2 ,v 2 ) G W(a,b) such that u 2 {a) = ^(a), 
for < a < b < 1. Define {/ = (u, i?) as follows: 

u l {t) : 0<t<a 
u 2 \t) : a<t <b 

!v 1 {s,t) : 0<s<t<a 

v 2 {s,t) : a<s<t<b 

(u x (a) - w x ( s )) ®v - w(o)) +w 1 (s, a) +u 2 (a,<) : s < a < i. 

Theorem 4.14. Suppose Hypothesis H holds. In addition, assume that G has its image in L2(V, Vs) with 
5 + /?' > 1, S < 1, and t/iat mq G V$. TTien i/iere exists a unique solution to system ()4.2j) - (|4.3[) m W^(0, 1). 



(*) = 



Proof. We start presenting a few trivial inequalities. Let C be the common constant such that Lemma I4~7| 14.91 
and 14.101 hold. For the following, we have that for any p > there is a K(p ) > 1 such that for K > K(po), 
i G N 

i i ^ 

(4.21) po + ^CiKj)-? = Po + 2CK-e'Y / r fj ' < Po + 2CR- fj ' ^—-z 1 ^' < (Ki) 1 ^' , 



and 



(4.22) 



4C 2 ((ffi)~' 3 '- /3 ((^)' 3 -' 5 (^) 1 -' 3 ' + (KiY~P') < C'iKi) 1 -^'- 5 < 1, 
C(Kif- p '(l + 2(ffi)- 2 ' 3 (8C 2 (/^) 2 ' 3 - 25 (A^) 2 - 2 ' 3 ' + 8C 2 (A^) 2 ^') 
< C(Kif- f3 ' + C'({Kif^'- 2&+2 + (KiY 3 - 3 ' 3 ') < i 

C(A' J )-' 3 ' +C(A' l )-' 3 '"^(8C 2 (^) 2 ' 3 - 25 (A^) 2 - 2 ' 9 ' + 8C 2 (Az) 2 ^') < 2C(/ft)-' 3 ', 



where C" is an appropriate constant independent of i. Note that from (|4.21l) we also have that po < K 1 13 . 
Moreover, all inequalities in (|4.22[) are true since we assume that /3' + S > 1. The first one is true since we 
assume that 5 < 1. Define \u Q \ Vs =: p , AT X = A -1 < 1, Ti = T + AT X where T = 0. Then, by Lemma 14771 
(i) and Lemma T4.91 we have that 

\\\T(U)\\\ <C(ATf-% + ATf^ + ATf' +/3 |||C/||| 2 ). 
Hence, to find a ball £?vy(T ,7i) (0, -Ri) that will be mapped into itself we calculate the minor root i?i of 

(4.23) x = C(AT*~ P Po + AT?'-* + Arf + V) 

which is given by 

2C(^-WMf-g) < 2C{AT s-? po + ATf - % 



1 + y 1 - 4C 2 ATf +l3 (AT*- /3 p + AT?'- 13 ) 

see Sohr [28] Page 349. This root is well-defined which follows from (|4.21[) and the first inequality of (|4.22[) 
for i = 1, since these conditions in particular imply that 

(4.24) 1 - 4C 2 ATf' +p (Alf~ p po + AT-f' _/3 ) > 0. 
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Moreover, we obtain from Lemma T4 . 1 01 with = itg that T is a contraction on the ball B w r ToT ^\(Q, Ri) if 

CATf-P(l + 2AT 2p (8C 2 AT 25 - 2p p 2 + 8C 2 AT 2fj ' - 2fj ) < - 

which follows from f|4.21[) and the second inequality of (|4.22[) for i = 1. Then the system (|4.2[) - (|4.3p has a 
solution U 1 in B w ^ Tq i Ti)(0, Ri) which is unique by Theorem 14. 131 
Furthermore, by Lemma 14.71 (ii) it is known that 

KTi)| Vi <p Q + C(AT? (l + AT^HIf/IH 2 )) 
< po + CAT?' + CATf +2fi R 2 

< Po + CAT?' + CATf +2fj (8C 2 AT 2S - 2f3 p 2 + 8C 2 AT 2f3 '- 2f3 ) 
< Po + 2CATf <p Q + 2CK-P'. 

Hence, by using again (|4.21[) , the right hand side of the previous inequality is bounded by K 1 ^ 13 . 

Suppose now that we have concatenated a solution on [0, Tj_i] and that \u(Ti_i)\y 5 < po+S}=i 2C(7^j)~' 3 
for i = 2, 3, • • • , and T^_i < 1. For the fact that this concatenation is a solution we refer to Theorem 14.151 
below. Set T t = T^ x + AT,, AT t = (Ki)- 1 if T t < 1, and T t = 1 in other case. By (|4~2"Tj) we know that 
\u(Ti-i)\y s < (K(i — l)) 1- * 9 • Because of (|4.22[) . the Banach fixed point theorem gives us a solution to the 
system (|4.2I) - (|4.3[) in B w ^ T ._ lTi ^ (0, Ri) which is unique, where Ri-\ is the minor root of (|4.23|) when replacing 
pa by (K(i — l)) 1- ^ < (Ki) 1 ^ 13 and ATi by AT;. Again, by concatenation we obtain a solution on [0,T,]. 
In addition, we obtain 

i— 1 i 

|u(Ti)| v , < Po + Yl 2C(Kj)-P + 2C(Ki)-?' =Po + J2 2C ( K j)~ ? ' < (Ki) 1 -' 3 ' . 

3=1 3 = 1 

Finally, since Y^i i~ l ~ oo there is an i* £ N such that Ti» A 1 = 1, which means that there exists a global 
solution of (O-flOJ) in W(0, 1) for any u e Vg. 

□ 

Now we prove the assertion form the last theorem allowing us to concatenate solutions to another solution. 

Theorem 4.15. Assume that Hypothesis H holds. Let U l be the elements from the proof of Theorem \4-14\ 
Then these elements can be concatenated to a solution U in W(0,1). In particular, this solution satisfies the 
Chen equality. 

Proof. Let us denote by T = T(U,uj, (ui ®s uj),u ) the right hand side of (|4.2[) . (|4.3j) . In addition, suppose 
that (uq) converges to uo in Vg. Let B W ( To Tl ^ (0, i?i) be the ball from the proof of Theorem 14.141 such that 
T(U,uj, (uj <S>s uj),uq) is a self-mapping and a contraction on this ball with a contraction constant less than 
1/2. We can choose an R[ > Ri that T(U,ui, (w <E)s uj),uq) is still a contraction with constant less than 1/2 
with respect to v3 l y( To:Tl )(0, R[). Since the constant C in Lemmata 14.71 14.91 and 14.101 depends continuously on 
-u , ui, (w®sw), for sufficiently large n the mappings T(-, u) n , (ui n ®s uj n ), Uq) map B W i^ Tq Ti s ) {Q, R"), i?" < R[ 
into itself and have a contraction constant less than 1/2 on these balls. Let U\ = (u\,vi) and {/" = 
be the fixed points of T(-, u), (uj <8>s ui), Uq), T(-, ui n , (w™ ®s uj n ), Uq). Then 



\\\Ui-U?\\\ < \\\T(U 1 ,u,(u® s u),u )-T(U 1 ,u n ,(u n ® s u; n ),uZ)\\\ 

+ \\\T(U 1 ,uj n , (w n ®5 - T([/r,w", (w n ® s w"W)lll 

< mr^.w.wgs w,«o) - T(U lt w n , (uj n ® s w n ),OIII + ^lll^i - Ui 

such that Ui converges to U\ by Lemmata 14. 101 and !4.12l . 
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Applying the Lemma |4.10[ with the difference that now we are also considering different driving noises, it 
holds 

(4 25) K(Tl) " Ul ^ Tl ^ ^ c K l ~ "ok + erf (i + rf (iiic/rm 2 + |||c/ 1 ||| 2 ))(|||t/ 1 " - t^w + K - «o|%) 

+ \Ti(V?,w, (to ® s - 7I(E7I> n , (a;™ ® s w B ),«o)lv 4 . 

This inequality implies that u"(Xi) converges to ui(Ti) in Vg. The first term on the right hand side is stemming 
from Lemma 14.101 for the noise path u). For the convergence of the second expression on the right hand side 
we note that {|||f/™||| : n <G N} is bounded and that the first integral of (|4.2|) converges when we replace u> 
by to — uf 1 by Hypothesis H. Similar we obtain the convergence of the second integral by the convergence of 
Ui to U\. Therefore we can repeat the same calculations on [T\, T2] and similarly on any of the finitely many 
intervals [Tj,Tj+i]. Since U" are related to classical mild solutions to we can concatenate these elements 
to one element in W(0, 1) where we have to apply Lemma 1631 These concatenations converge to a solution of 
dUD , COD on W(0,1). 

□ 



5. Example: the white noise case 

In this section we consider only a white noise, i.e. a fractional Brownian motion with Hurst parameter 
H = 1/2. But we note that results from [8| Proposition 3.5 and a generalization of the integration by parts 
formula would allow us also to consider a fractional Brownian motion with H contained in a region of (1/3, 1/2]. 
However, for brevity we only study here the case H = 1/2. 

The aim of this section is to give an example such that item (4) and item (5) in Hypothesis H hold. At the 
end of this section we also present two examples of possible non-linear operator G satisfying all assumptions 
described in Hypothesis H. 

Let Q be a positive symmetric operator of trace class on V , i.e., try Q < 00, with positive discrete spectrum 

and eigenelements (/j)ierj- It is known that then there exists a canonical Wiener process in V given by 

(C (R; V), B(Co(K; V)), P), where P is the Wiener measure on £(C* (R, V)) determined by Q. The completion 

of this probability space is denoted by (0, J 7 , P). Related to the canonical Brownian motion let (J-t)tes. be 

a right continuous filtration containing all zero sets of T. This process has for any j3' < 1/2 a ^'-Holder 

_ i_ 

continuous version for which paths will be denoted by uj. Then u>i(t) = q i 2 (uj(t), fi)v generates an iid- 
sequence of standard Wiener processes in E. Nevertheless, for the sake of brevity we assume that the /j are 
the same as the ej. 

Let us also denote by u> n , ujf its piecewise linearizations with respect to the equidistant partition {t"} i=0 ... n 
of [0,1]. We then have J2i Qi < 00 ■ Recall that for E G L 2 (V, Vg) 

E{uj® s u}){s,t)= f [ S{£-r)Eduj{r)® v odu((). 

J s J s 

Let s u){-) = lu(- + s) — lo(s), s G M, defined on the probability space introduced below, which is again a 
Wiener process. Then we can choose for the above integral the following version 

E(u)® s w){s,t)= [ t S{t-r)Ed6 s u(r)® v od6 s u(i). 
Jo Jo 

Note that it is not important if we consider the Ito- or Stratonovich type of the interior integral, since 
according to Da Prato and Zabczyk [7j Chapter 5, we have the following interpretation of this integral: 

S(f - r)Ed6 s oj(r) = E6 s cj(0 + / AS(£ - r)E9 s uj(r)dr. 
10 Jo 

Now integrating the right hand side of the previous expression with respect to ®y o d9 s u)(£), performing the 

transformation r — > r — s, yields 

E(cj ® s uj)(s,t) = E(lu <£> w)(s,t) + / / AS{£_ - r)E{uj{r) - uj{s))dr ® v oduj(£_). 
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We start proving a result related to the first term on the right hand side of the previous expression. We want 
to stress that in the proof we do not use the exact modulus of continuity of the Brownian motion, as in [17] , 
but its Holder continuity. In the following we denote the mapping 

E -> J E(w(g) - u(s)) ® v °du(0 by J - uj(s)) ® v adu(£). 
Theorem 5.1. Suppose that Hypothesis H holds. Then on a set of full measure 

/*(w(0-w(*))®v °<M0 



sup 

0<s<t<l 



L 2 (L 2 (V,V S ),V®V) 



(t - s) 2 ? 1 



< CO, 



and 



(5.1) lim sup 

n ^°°0<s<i<l 



/*(w(0 - w(«)) ® v odw(0 - /*(w B (€) - w n (a)) ®y odw"(0 



L 2 (L 2 (v,y 5 ),yig)y) 



Proof. Consider the orthonormal basis (-Efej)s: ieN of -^(^ K5) introduced in section [3] given by 



0. 



Ekiei 







< A- 



i 7^ i 
i = i. 



In addition, (e; ®y e j)i,jeN is an orthonormal basis in V ®V. The first assertion of this theorem follows simply 
from estimating 



(w(£) -w(s))®i/o(iw(() 



L 2 (L 2 (v,y),vw) ,j 
2 



y®y 



Moreover, we obtain a similar estimate than above for the numerator of (|5.1|) . Let us denote 

By symmetry we can assume i < j. In fact we assume that i < j since the case i = j is easier, see a comment at 
the end of the proof. Note that even though our tensors are defined in the set {(s, t) <G [0, l] 2 : < s < t < 1}, 
since the Levy area Afj is symmetric they can be extended to the set [0, l] 2 . 

To estimate A?j(s,t) we apply the Garsia-Rodemich-Rumsley Lemma (Lemma 3.4) given by Deya et al. 
[8], which claims that for p > 1 there exists Kp',p such that 

(5-2) ll^-lla^' < -K>^(-RSi, "I" - ""IliB'II^IU' + 11^- — "FlliS'llwril^O^ 

where 



1 /■! I An 



2p 



xp ' yjo Jo \t-s\^p+ 2 

In particular, we know from the proof of Lemma 3.7 in [5] that 



dsdt 



l/(2p) 



E(iC? p ) 2p < n - 4 P(V2-/3") < 
for /?' < /3" < 1/2 and p chosen sufficiently large such that 4p(l/2 - f}") > 1. Then 
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For an appropriate sequence (o n ) n6 N with limit zero, the right hand side has a finite sum. Then by the 
Borel-Cantelli Lemma, (Yljj QiQjiR^n) 2 )^,^ tends to zero almost surely. In a similar manner we obtain the 
convergence of the tail terms in (|5.2[) . However instead of using the exact modulus of continuity of the 
Brownian motion we apply that, for (3' < /3" < 1/2, 

(5.3) ||w ( -wT , ||p/<G^,(i,a;)n^", < G p „(i, u), \\u? < G p „(i,u) 

where Gp» (i, u>) > and Gp" (n, tu) £ L p (fl) for p £ N are iid random variables, see Kunita [5D] Theorem 

1.4.1. We then have 

ij ij 

< Cn-^'-^o-^. 

For p chosen sufficiently large and an appropriate zero-sequence (o„)„ e N we obtain the almost sure convergence 
of QiQjW 1 ^? ~ ^H^'ll^jlllOneN- Similarly we can treat the last term of (|5.2I) . that is, (Ey Qi^jW^T — 
w <ll|'ll w "ll|')neN- Finally, note that 

A^t) = i( Wi (t) - C:( S )) 2 - \{^{t) - <( S )) 2 

and thanks to (|5 . 3[) we can obtain ||^4™j||2^' < G 2 ,, (i, w)n^ , which completes the proof. 

□ 



Lemma 5.2. Suppose that Hypothesis H holds and that for some 7 > 1/2 
(5.4) £A 2 ^<oc 



The 



AS(t ~ r)E(u(r) - ui(s))dr £ L 2 (L 2 (V, V s ), V) 



defines an element of G 7 ([s, 1]; L2(L2(V, V^), V")) for s £ [0, 1) where the norm is independent of s £ [0, 1]. 

Proof. We know that J Q S(- — r)uj(r)dr £ G 7 ([0, 1]; Vi_ 7 ) where the norm is bounded by c||w||^', see for instance 
Bensoussan and Frehse pQ, Corollary 2.1. Note that this estimate remains true if we replace the interval [0, 1] 
there by [s, 1]. Moreover, 



sup 

s<i<t<l 



= sup 

s<i<t<l 



f s AS(t - r)Eij(u(r) - w(*))dr - f* AS(t - r)^(w(r) - w(*))dr 



/* A 1 -T5(t - r)AT£y(w(r) - «(«))dr - /* A 1_7 5(t - r)AT£y(w(r) - w(s))dr 



|t-i|7 



Similar arguments given in (|5.3[) allows to conclude that the last sum under the square root is finite almost 
surely. 

□ 



Define 
(5.5) 



F a (u,t,E) = / AS{t-r)E(uj{r) -uj(s))dr. 
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We note that because 7 > 1/2, the element F S (E) given by (|5.5[) has square variation zero: for any sequence 
of partitions {£"} of [0, 1] with mashsize P n going to zero we have 



p lim^||(F s (a;,tti)-^(^^))llL(i 



2 (y,Vs),v) 



0. 



1=1 



In addition, Stratonovich integrals can be expressed by pathwise integrals in terms of fractional derivatives, 
see [IT]. 



Theorem 5.3. Let F s given by (|5.5[) . Assuming Hypothesis H and 
c > such that for < s < t < 1 



F s (w, r) (g)y odwir) 



on a set of full measure there is 



<c(t- s r', 



L 2 (L 2 (V,V S ),V®V) 



and 



lim sup 

n ^°°0<s<Kl 



/; F s (oj, r) ® v oduj(r) - f* F s (uj n , r) ® v du n (r) 



L 2 (L 2 (V,V S ),V®V) 



(t - s)^' 

Proof. We only prove the second relationship since the first one follows similarly. We have 



0. 



< 



F s (oj, r) ®v odw(r) 



F s (u-w n ,r) <g) V dw(r) 



F s (Lu n ,r)® v dLo n (r) 



L 2 (L 2 (V,V S ),V®V) 



L 2 (L 2 (V,V 6 ),V®V) 
t 

F s (u n ,r) <E> V (odw - dw n ){r) 



L 2 (L 2 (V,V s ),V0V) 



Now for 7 > 1/2 choose (3' < 1/2 such that 7 + f3' > 1. Thus, we can find an a satisfying 1 — j3' < a < 7. 
Then we have for the first integral of the right hand side 



F a (u-u n ,r,E ij )<» v odu(r) = / D^.F B (u - uj n , -,E l3 )[r} ® v Dll a u; t _[r}dr 

J S 

Note that, as a consequence of the proof of Lemma [5?2l since E \— > F s (s, £, E) is linear, 

£ \D<* S+ F 8 {u - co n , ;E l3 )[r}\ < c\\u u; n y(r s)^ 

ij 

while \D \Z a uJt-[r]\ < c\\u\\f>>{t - r)° + ^' _1 . LemmaO gives the desired estimate. The second term can be 
estimated similarly. □ 

Let us consider two examples for operators G satisfying the assumptions of Theorem 14.141 

We start by considering some lattice system. Let V = h be the space of square additive sequences with 
values in K. In addition, let A be a negative symmetric operator defined on D{— A) C I2 with compact inverse. 
In particular, we can assume that —A has a discrete spectrum < Ai < A2 < • • • < A, < • ■ ■ — > 00 where the 
associated eigenelemcnts (e,)jgN form a complete orthonormal system in I2. The spaces D{{—A) v ) are then 
defined by 



{u = (uj)ieN € h ■ ^ ^i Vu i 



< 00}. 



For (3' < 1/2 we take <5 such that S + f3' > 1. We then consider the space Vg for which we assume that for 
some 7 > 1/2 the condition ^\ A 27 " 2 < 00 holds, and hence (|5.4[) is satisfied. 

Consider a sequence of functions (sy^eNi with gij : V — > R, and define G(u) for u £ V by 



G(u)v = I Y^gij{u)vj I for all u € 



V. 
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We assume that 

l|G(u)||i a( y,vi) = E \°^\v s = £ (E Af (GMe,)?) = £ A f < c 

i 3 * i,3 

uniformly with respect to u G V . 

In addition, assume that gij are four times diffcrentiable and their derivatives are uniformly bounded in 
the following way 

\D 9ij (u)(e k )\ < j g % \D 2 9l] {u){e k M)\ < <? g ik 2 \h\, \D 3 9ij (u)(e k , h u h 2 )\ < <?£\h x \\h 2 \, 
\D A g. l0 (u){e k , hi,h 2 , h 3 )\ < c^ k A \hi\\h 2 \\h 3 \ for any u e V, 
and these bounds satisfy 

£Af( C ^) 2 <co, £Af(c^) 2 <co, ^Af(c^) 2 <cx,,^Af(c^) 2 <^. 

ijk ijk ijk ijk 

To see for instance that DG exists, note that by Taylor expansion 

^{u + ^-g.M-DgiMM 2 < l\D 2 g tJ (u + V h)(h,h)f < [cf 2 f\h\ 2 



where u, h G V and rj £ [0, 1]. In particular, we also note that 



2 



DG(u)(e k , ej ) <J2 X i S (& =■ c dg < oo- 

j,k v s tjk 

This condition ensures the Lipschitz continuity of G as well as the Hilbert-Schmidt property of DG. Similarly, 
we obtain that DG is also Lipschitz with respect to the Hilbert-Schmidt norm. We also obtain the existence 
of the second and third derivative. By the choice of j3' and 6, the conditions on G in Hypothesis H hold. 

Now, we consider the second example. Let us assume that A is generated by the Laplacian on O = (0, 1) 
with homogenous Dirichlet boundary condition. A generates a semigroup on L 2 (0) with domain D(—A) = 
H 2 {0) n Hl(G). Let p e (1/4, 1), then V := D((-A)p) consists of the Slobodetski spaces H 2 p(Q) satisfying 
the homogeneous boundary conditions, see [7], Page 401. In particular, the continuous embedding V C L 5 {0) 
holds when 2p > 3/10. In what follows we consider the restriction of the semigroup to V. Note that the 
inequalities (|2.1|) and (|2.2j) continue being true, and that (A^e^gN is a orthonormal basis of V where (Aj)jgN 
is the spectrum of A and (ej)j e N ar e the associated eigenclcments which are uniformly bounded in L 00 (0). 
The asymptotical behavior of the spectrum is given by A^ ~ i 2 . 

Now for ft < 1/2, p e (1/4, 1) we can choose S such that /3' + S > 1, p + 5 < 1, and thus D((—A)) C 
D((-A)p +s ) =: V s . Since S + p > 3/4 we can find an 7 > 1/2 such that J^i A 27 ~ 2,5 ~ 2p < 00 holds, and thus 
(|5.4|) is satisfied. 

Let j be a four times continuously diffcrentiable function on O x R which is zero on {0, 1} x R, such that 
all the corresponding derivatives (g itself included) are bounded. Define 

G(u)(v)[x] = / g(x,u(y))v(y)dy for u, v e V. 
Jo 

Following Kantorowitsch and Akilow [19] Section XVII. 3 it is not hard to prove that G is three times diffcr- 
entiable where the derivatives are given by 

DG(u)(v,hi)[x] = / D 2 g(x,u)v(y)h 1 (y)dy, 
Jo 

o 



D 2 G(u)(v,h 1 ,h 2 )[x] = / Dlg(x,u)v(y)h 1 (y)h 2 (y)dy, 



D 3 G{u)(v,h 1 ,h 2 ,h 3 )[x] = / Dlg(x,u)v(y)h 1 (y)h 2 (y)h 3 (y)dy, 

10 
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foru, hi, h 2 , h 3 e V. We have that G(u)(v), DG{u){v,hi), D 2 G(u)(v,h ll h 2 ), D 3 G(u)(v,h 1 ,h 2 ,h 3 ) e D{-A) C 
V5. Let us check, for instance, that D 3 G(u)(v, h\, h 2 , h 3 ) e £)(— A) C V5. By the continuous embedding theo- 
rem we have that 

A x Dlg{x,u{y) + h 3 (y))v(y)h 1 (y)h 2 (y) - A x Dlg(x,u(y))v{y)h 1 (y)h 2 (y) 

2 / p \ 2 

2„/-„ ../-..W^.^.M, /..M, f.M. t..\2. 



- D 2 A x D 2 g(x,u(y))v(y)h 1 (y)h 2 (y)h 3 (y) dy 

<cHi.|/» 1 |i.|A a |i B |ft 3 |l.<c'H 2 |hi| a |fc a | 2 |/»3 



dx<c[ I \v(y)hi(y)h 2 (y)hl(y)\dy 




where c is a uniform bound for \A x D 2 g(x,u)\ 2 \0\. Furthermore, G(u)(v)[x], ■ ■ ■ ,D 3 G(u)(v,hi,h 2 ,h 3 )[x] are 
zero for x G {0, 1}. 

The Hilbert-Schmidt property of DG(u) follows by 



J2j (J \^D 2 g(x,u(y))\- p e l (y)X- p e J (y)dy^ dx < c(£ A7 



2p f < 00, 



due to the boundcdncss of A x D 2 g. In the same manner we obtain that the other derivatives are Hilbert- 
Schmidt operators. 

These estimates allow us to apply Theorem 14. 141 

6. Appendix: A priori estimates 
We start this section by considering a modified Beta- function. 
Lemma 6.1. The integral 

B«(a, b) := [\b - q y>(q - afdq = c(b - a)^+" +1 , c - c{v, r,), 



for a < b and V, 77 > — 1 . In addition, 

BZ(a, r)(r - a)« {b - r)"dr = c{b - a ) u+ i + ^+ 2 , c = c(v, n, £, p), 

if v + 77 + £ > —2 and v,r\,n> — 1. 

The proofs of these equalities are standard from the definition of the Beta-function. 
When j/ = 0, we denote the corresponding modified Beta-function just by B v (a,b). 

We now give some properties of the fractional derivatives -D 2 " 1 and Df + . We shall omit their proofs since 
they follow straightforwardly. 

In the following V represents an abstract Hilbert space that will be determined in the proof of Lemma 14.71 
below. 

Lemma 6.2. Let [0, T] 3n-> Q{r) G L(V) be a continuous operator satisfying 

\\Q(r) ~ Q(q)\\ L rv) < c Q (r - qf 1 for r > q, -2a + fa>-\. 
We also suppose that, for < s < r <T, 

sup \\Q{q)\\ L{v) < c' Q . 

qd[s,r] 

In addition, for 5 £ [0, 1], let R(x) £ L 2 (V, V5) be a continuously differentiable function bounded by 

cr. The first derivative of R is supposed to be bounded by cdr- Then, for < s < r < T and —2a + f3 > —1, 
for u S Cp([0,T];V) we have 



(Q(-)R(u(-)))[r}\ < c( j- ^ a _ 1 + c Q c R B- 2a+ ^ (s, r) + c' Q c DR B- 2 ^ \s, r)\\u\\p\ . 
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Lemma 6.3. Suppose that 2/3 > a. Let Q(-) be given in Lemma \6.2\ such that f3\ > a and let R be mapping 
from V to Li2{V,Vs) such that 

\\R{x) - R{y) - DR(y)(x - y)\\ L ^v,v s ) - °d 2 r\x - y\ 2 for x,yeV. 

Then, for < s < r < T and u G Cp ([0, T];V) it holds 

' c b su P P e[o,T] \\ r «P))\\l 2 (v,v 5 ) 



\D«(Q(-)R(u(-)))[r]\<c 



(r - s) a 



+ c Q B- a - 1+ ^(s,r) sup \\R(u(p))\\ v + c' Q c D , R B^~ 1+2 ' 3 (s, r)\\u\\ 2 p 
pe[o,T] 

Remark 6.4. We notice that, in Lemma \6.'£\ and Lemma 1 6. 31 cq and c'q denote expressions related with the 
operator Q but have not to be necessarily constants. Moreover, cq and c'q can depend on parameters. 

We also want to point out that, in the two previous lemmata, we could have considered Q such that r G 
[0, T] i— » Q(r) £ L(Vs, V). However, this assumption would give us no significant improvements to the estimates 
in Lemma \lZT\ thus for the sake of easier presentation, we have assumed r 6 [0,T] i-> Q(r) 6 L(V). 

Next, wc prove the Lemma 14.71 

Proof. We start assuming that uo <E Vg for S > (3. 
By (HHJ) and (|2T2]) ; for < s < t < T we have that 

\(S(t) - S(s))u \ < Cs 5 -?(t - sf\u \v s , 

and then \\S{-)u \\ fj < C\u Q \ v.T 8 -^. 

Now, in order to complete the proof of (|4.19[) . we are going to estimate the y-norm of the following 
expression: 

S(t - r)G(u(r))duj(r) - / S(s - r)G{u{r))dui(r) 



S(t - r)G{u{r))duj{r) + / (S(t - r) - S(s - r))G(u(r))du;(r) 
Jo 

=:A 11 (s,t)+A 12 (s,t)+A 21 {0,s)+A 2 2(0,s) 
where < s < t < T, U = (u, v) € W(0, T) and 



A n (s,t) = (-1T f D: + (S(t--)G(u(-)))[r}Dlz a c t 4r]dr, 

Aia(M) = -(-I) 2 "" 1 f DlX~\S{t- .)DG[u(-)))[r\D\Z a V\z a v{-,t)[r\dr, 



A 21 (0, S ) = (-1)« / D^ + {{S{t--)-S{s--))G{u{-)))[rW-^ s .[r]dr, 

JO 

A 22 (Q,s) = -(-l) 2 - 1 f Dll~\{S{t--) -S(,s- ■))^G( U (.)))H^ 1 Z Q ^Z Q i ) (-,t)[r]rfr. 
Jo 

To do that, we use Lemma l6.1l togcther with Lemma l6.2l or Lemma |6.3[ depending on in the integrand whether 
the fractional derivative or the compensated fractional derivative appear. As examples, let us show here how 
to estimate Ai 2 and A 2 i (for the rest of cases, the reader could look on the different values of parameters 
which are on the table Q] below). 

For the term A\ 2 we make the following identification in Lemma [ 



V = V®V, R = DG, c R = c DG , c DR = c D 2 G , ft = 2/?, Q(.) =£(«-•)> c Q = (t - r)- 2/3 , c' Q 
Therefore, using (|4.13p and applying then Lemma 16.11 with a = s and b = t, it holds 

\AM; t)\ <c[ ( (r J )2a -i + (* " r)-eB- 2 ^(s, r) 

+B- 2a+ P(s,r)\\\U\\\)\\\U\\\(t-r) 2a+ ^'- 2 dr, 
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where we have an /3' such that —3/3 + a + /?' > 0. Hence, 

\A 12 (s,t)\<C(t-sf^(l + (t- S y\\\U\\\ 2 ). 
For the term A21 we make the following identification in Lemma [ 



V = V, R = G, c D 2 R = c D 2 G , (3i = 2/3, sup \\R(u(p))\\l 2 (v,v 5 ) < cg, 

pe[o,T] 

Q(.) = (5(t - •) - S(s ■)), CQ = c' r - {t ~ S) " 



(s - rfP ' Q (s - r)*» ' 
Therefore, using (|4.7[) and applying then Lemma |6. II with a = and b = s, we have 

(t-«y , (t- s yB-"-^(o, r ) 

\A2i (0, s)| < c 



Hence, 



V(s-r)' 3 r Q (s-r) 3 ^ 
(t- a )0B-«- 1 + 2 0(O J r VIII ' rllia 



(s - r)* 



|A 21 (0, S )| <C^'(l + (t- S )^|||C/||| 2 ). 
Therefore, the previous estimates imply 

5(- - r)G(u(r))du) < CT^(1 + T 2/3 |||£/||| 2 ), 



and thus f)4. 19[) is proved. 





a 


b 


Pi 


C Q 




sup i? 


CR 


cdr 




An 


s 


t 


2/3 


(t-r)-' 2 ? 


C 


CG 








A12 


s 


t 


2/3 


(t - r)-^ 


C 




CDG 


cd 2 g 




A21 





s 


2/3 


(g-r) 3 " 


C.-r)f 


CG 








A22 





s 


2/3 


(t-a)" 


(t-«)" 
(s-r> s 




CDG 


cd 2 g 


-/3 



Table 1. Values of the different parameters appearing in the estimates of Ay, for i, j = 1,2. 



(ii) We obtain clearly that \S(T)uq\v s < l u olw It is interesting to emphasize here that the constant in the 
previous estimate is just 1, which is of importance in the proof of Theorem 14. 141 
Moreover, since the semigroup and the operator A commute, we can write 

(-A) s f S(t-r)G(u(r))div(r) = f S(t - r)(-A) s G(u(r))doj(r). 
Jo Jo 

In this point, since G takes values in L2(V,V$) we have that (— A) S G(-) <G L2(V), and ||G(u(-))||L 2 (\/,y 5 ) = 
||(— A) s G(u(-))\\l 2 (v)- Therefore, we can use the properties of Lemma l2~2l and the calculations in part (i) of 
this proof to conclude (ii). □ 

In the following technical lemmata we collect some properties that are needed for the global existence of a 
solution of CO), (|4~3"|) . 

Lemma 6.5. Let U = (u, v) E W(0, 1) be a solution of (|4.2[) . (|4.3|) for a smooth u>, then (u w) satisfies the 
Chen equality. 
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Proof. For the sake of simplicity, we assume that w is an almost everywhere differentiable V-valued path. 

(i) Examining carefully the proof of Lemma 14.71 we can check that the constant C appearing in that proof 
depends continuously on jM^'. Doing the same with the proof of Lemma 1431 we see that the corresponding 
constant C depends continuously on ||(<j (gig || 2^' and also on ||(u (g) (w <E)s Lu)(t))\\p +2 p' , hence the result 
follows. 

(ii) A straightforward calculation shows 

- u(s) = J S{£ - r)G{u{r))dcj(r) + S(£ ~ s)u{s) - u{s), 

and therefore 

(tt <g> oj)(s, r) = J (j S{£ - r)G{u(r))duj{r) + S(t - s)u(s) - u(s) \ ®y dw(0 
(u ® w)(t, t) = [ ( f S{£ - r)G(u(r))duj(r) + S(£ - t)u{t) - u(t)] ® v MO 



{u®w){s,t)= J yj S(t-r)G(u(T))du}(r)+S(Z-s)u(s)-u(s))® v dw(t) 

We note that for £ € (t, t) , we have 

S(£ - t)u(t) = S(£ - 

and therefore 



(6.1) 



S(£ - s)u(s) ® v du;(£) + y - r)u(r) <g)y <2w(£) 

S(£ - s)u(s) ® v MO + f f S(£ - r)G(u(r))dw(r) ® v MO- 



Moreover, the rectangular term in the Chen equality can be written as 

(u(t) - u(s)) <E>v - oj{t)) = u(t) <Z) V (u(t) - w(r)) - it(s) ®y (w(t) - w(s)) 

— u(s) ® v (w(a) — w(r)). 

Thus, combining the previous equality with (|6.ip . we obtain the Chen equality for smooth to. □ 

Lemma 6.6. Suppose Hypothesis H holds. Let U € W(0 7 1) 6e a solution of (|4. 2|) . (|4.3[) wii/i initial condition 
uq G V5 and /ei £/„ 6e a solution of (|3.1|) having the same initial condition which can be interpreted in the 
sense of (pT2jl . see SeciioraH T/ien on W(0, 1) 

lim |||C/-C/„||| =0. 

n— >oc 

Proof. The proof is quite similar to the main Theorem 14.141 Because we assume a priori that there exists a 
solution U £ W(0, 1) we have that 

(6.2) p = sup \u(t)\ Vs < 00. 

[0,1] 

Denote the solution of the equation (|4.23[) by R for an appropriate ATi < 1. Since the constant C in this 
formula depends continuously on uj and (u ®s u) we have |||f7„||| < 2R if n is chosen sufficiently large. In 
addition, we choose a AT less than or equal to ATi such that with = Mq we have that 

CAT^'-^l + AT 2 HR 2 ) < i. 
Using the notation we have introduced in front of Lemma 14.121 we have 
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\\\U n -U\\\ < \\\T(U,L>,(u>® s u),ua)-T(U n ,uj,{uj®su),u )\\\ 

+ \\\T(U n ,u, u),uq) - T(U n ,u n , {u) n ® s w n ),«o)|||. 

Hence for a given e > by Lemmata 14.101 and 14.121 we have \\\U n — U\\\ < e on W(Q, AT). Now we consider 
[AT, 2 AT A 1]. Wc choose n sufficiently large such that \u(AT) - u n (AT)\ Vs is sufficiently small (see (|4T25j)) 
such that we can repeat the same construction on W(AT, 2 AT A 1). In particular, (C/„) ne N is a Cauchy 
sequence on this Banach space by Lemmata 14. 101 and 14. 121 and Remark 14. Ill The Chen equality ensures that 
(C^n)neN is a Cauchy sequence on W(0,2AT A 1) consisting of solutions of (|4.2[) , (|4.3|) . Due to Lemmata 14. 101 
and !4.12l we obtain that (J7 n ) n eN converges to the solution U on W(0, 2ATA 1) and in particular 1 1 \U n — U\ \ \ < e 
on W(0, 2AT A 1) for sufficiently large n. We can cover [0, 1] by finitely many intervals of length AT. Hence 
repeating the above construction finitely often we obtain that \\\U n — U\\\ < e on W(0, 1) for n > n (e). □ 
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